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Abbreviation List

ACD
AL

Aniseikonia

Anisometropia

Anisophoria

AQD

AST
Astigmatic

External anterior chamber depth in mm

Axial length in mm

Situation with disparity of ocular magnification, either comparing both eyes
(binocular aniseikonia) or between meridians of one eye (meridional
aniseikonia)

Condition where measures of both eyes such as distances, curvatures of
refractive surfaces or refractive indices do not match

Situation with dynamic magnification disparity due to variation of viewing
angle

Aqueous depth (internal anterior chamber depth) in mm

Corneal astigmatism at front surface in dpt

Condition of an optical system where surfaces show a variation in refractive

properties for different meridians

Binocular aniseikonia  Image size (magnification) disparity between both eyes

CCT

Central corneal thickness in mm

Change in meridional OM  Ratio of major to minor principal meridian when transforming

Cylinder

D

Diopter, dpt
DMOM

Eikonic

preoperative to postoperative meridional OM in %

Astigmatic power of spectacle correction in dpt

Diameter of the optics cylinder of a keratoprosthesis in mm

Refractive power of an optical system or surface with focal length of 1 m
Disparity of meridional magnification in %

Situation without ocular magnification disparity

Equivalent powerAverage power of an optical system in dpt

Gain in OM
IOLP
IOLPA
IOLPAST
L

LT

Ratio of postoperative to preoperative OM in %
(Average) Power of the replacement lens in dpt
Orientation of astigmatism in a toric replacement lens in °
Astigmatism of a toric replacement lens in dpt

Length of the optics cylinder of a keratoprosthesis in mm

Lens thickness

Meridional aniseikonia Variation of magnification in different meridians

Meridional OM  Meridional ocular magnification, ratio of OM in the magnification meridian

to magnification axis in %
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np Refractive index of aqueous humour

nc Refractive index of cornea

ng Keratometer index, fictitious index for conversion of corneal radius to power
n Refractive index of the lens

ng Refractive index of spectacle correction

ny Refractive index of vitreous

Ocular magnification  Ratio of lateral image size to object size (for objects at finite
distances) or to incident ray slope (for objects at infinity)
OM Ocular magnification (in this thesis it refers to the ratio of retinal image size

to incident ray slope angle) in 1/mm. By literature convention, dimension is

ignored
PAST Corneal astigmatism at back surface in dpt
PR1/PR2 Flat / steep radius of the corneal back surface in mm
PRA Orientation of the flat axis of corneal back surface in °
PR nean Average of PR1 and PR2 in mm
Ps Refractive power of a spectacle correction in dpt
Pg¢ Front surface power of a spectacle correction in dpt
q Ratio of lens front to back surface power
R1/R2 Flat / steep radius of the corneal front surface in mm
RA Orientation of the flat axis of corneal front surface in °
Ry, Ry Front and back surface of the optics cylinder of a keratoprosthesis
Rinean Average of R1 and R2 in mm
SEQ Spherical equivalent, average power of spectacle correction in dpt

Spectacle magnification Ratio of magnification with glasses vs. situation without glasses in %
Sphere Sphere or base curve of the spectacle correction in dpt
Stigmatic: Condition of a centred optical system with rotationally symmetric surfaces

only which form a symmetric spot image

Toric lens Intraocular replacement lens with astigmatic correction

TR Target refraction, intended refraction after surgery in dpt

VD Vertex distance, distance between back surfaces of glasses and cornea in mm
VFA Visual (half) field angle in °
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1. Introduction

1.1. Definitions and context of ocular magnification and aniseikonia

Human vision covers an optical portion, where the human eye images objects at an arbitrary
object plane or space to the retina, which refers to the image plane, as well as a neural
component. On the optical pathway from the object to the image, we find several optical
elements such as spectacle correction, contact lenses, the cornea, aqueous humour, the natural
lens or a replacement lens, and the vitreous. All of these elements are characterized by surfaces
and a respective refractive index [17], which could be constant in the simplest case or could
show some gradient such as the crystalline lens. If rays pass through refractive surfaces, the
direction of the rays change, as described by the Snellius refraction law [18], and within a
homogeneous refractive medium, rays are travelling linearly. The refractive index of an optical
medium refers to the ratio of speed of light in vacuum to the speed of light in the medium.
Optical media could cause some amount of absorption and scattering, which reduces the light
intensity and the image contrast [53], but human vision is not restricted to optical imaging, the
retinal image is processed first in the retina and later on the visual impression is interpreted in

the brain [53].

Visual acuity is not the only quality criterion for visual performance. There are several
parameters such as contrast transfer, blended vision, modulation transfer, defocus properties or

the state of stereopsis which affect visual performance [40].

From the definition, optical magnification in general refers to the ratio of image to object size
[3]. Lateral magnification in the eye is based on two different definitions, one for objects at
infinity and one for objects at finite distances [40]. For objects at infinity, object size is not
defined and therefore, magnification refers to the ratio of retinal image size to the visual angle
of an object in radians. For objects at finite distances, the classical definition of magnification
as the ratio of retinal image size to object size is valid. If we restrict to an eye as a centred
optical system with rotational symmetric surfaces we call it stigmatic [40]. If the optical system
is not centred or there is at least one element with some variation of curvature for different
meridians we call it astigmatic. In the stigmatic case, lateral magnification is isometric, which
means that for all meridians the object to image magnification is the same [33]. For an
astigmatic eye, lateral magnification varies and the object to image transfer is no longer

isometric, we have some image distortion [22,23].
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Figure 1.1.: Binocular aniseikonia refers to difference in the overall magnification between the left and
right eye (upper row), astigmatic surfaces cause blur if uncorrected, or image distortion (meridional
aniseikonia) if corrected.

Two eyes are called isometric, if all dimensions match. In special, it means that all distances
such as the axial length of the eye, corneal thickness, aqueous thickness, lens thickness and
vitreous depth are identical, and all curvatures of refractive surfaces such as corneal front and
back surfaces as well as lens front and back surfaces match. As a consequence, the refraction of
both eyes matches. In reality, a complete match between two eyes of an individual is
unrealistic, that means we have some amount of anisometropia. Anisometropia itself does not

cause complain to the patient, it is not even noticed [40].

From the classical definition, aniseikonia refers to the binocular refraction status, where the
lateral magnification of both eyes shows some disparity. In contrast to anisometropia,
aniseikonia refers to the lateral magnification disparity. In ophthalmology, the classical
understanding of aniseikonia in general is related to a difference in the overall object to image
magnification comparing both eyes of one individual, which is also described as binocular
aniseikonia [30]. This condition is shown in the upper row of Figure 1.1. If we have any
astigmatic optical element in the eye, lateral magnification varies in different meridians. If
astigmatism remains uncorrected we notice some blur in the image (Figure 1.1 lower row in
the middle), and if astigmatism is fully corrected (e.g. with spectacle glasses) we get a sharp
image, but some image distortion (Figure 1.1, lower row right image). Such an image
distortion due to a variation of ocular magnification in different meridians is called meridional
aniseikonia. Figure 1.2 shows the condition with image distortion in a corrected optical system

with astigmatic surfaces [38].



DOI:10.14753/SE.2021.2503

Vertical declination

Meridian of magnification

error

Horizontal
declination

Horizontal
declinaticn Auis of magnification

—
Vertical
declination
error

Figure 1.2: Meridional magnification in a corrected astigmatic optical system refers to a circle at
object space transferred to an ellipse at image space. The meridian / axis of magnification refer to the
meridian with the largest / smallest magnification, horizontal / vertical lines are slanted as shown with
the horizontal / vertical declination error.

A circular object traced through the optical system yields an elliptical image defined by a long
(with the highest magnification) and the short axis (with the lowest magnification) alongside
with the 2 cardinal meridians (meridian of magnification and axis of magnification, Figure
1.2) [27-29]. Meridional magnification refers to the ratio of the long to short axis. Each point at
the circle (at object plane) corresponds to a point at the ellipse (at image plane) [35,38].
Horizontal and vertical lines are inclined as referred with the horizontal and vertical declination
error [22,23]. Meridional aniseikonia could take place isolated, if the overall magnification of
both eyes is identical, or in combination with binocular aniseikonia, if the overall
magnification of both eyes does not match [27-29]. Eyes are called eikonic if the overall
magnification of both eyes is identical and we do not have variations on meridional
magnification [6,7]. Aniseikonia is always a consequence of anisometropia, but not all cases of
anisometropia cause aniseikonia. In some cases, differences in biometric measures could
counterbalance each other so that the resulting binocular or meridional lateral magnification is

identical [40].

In addition, we differentiate between static and dynamic aniseikonia. In case of static
aniseikonia, we have constant, but different lateral magnifications for variation of viewing
directions. In case of dynamic aniseikonia, we observe different lateral magnifications for

different viewing angles due to a prismatic effect. This type of aniseikonia is called induced
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anisophoria. A typical situation for anisophoria is, if the patient looks through different areas of
anisometric refraction correcting glasses [30]. In addition to anisophoria, ocular magnification
could also change dynamically with accommodation, which was not systematically
investigated in the past. If translation lenses are used to maintain pseudophakic pseudo-
accommodation after cataract surgery, changes in magnification can be analysed systematically

[34,42].

The incidence of aniseikonia is mostly underestimated or even ignored in clinical routine, as in
most cases, symptoms are not obvious or measureable [40]. In the normal adult population,
with an age more than 20 years, prevalence of aniseikonia due to an anisometropia of 1 diopter
(dpt) or more is estimated to 10% [2,13]. In contrast, especially after cataract surgery with
implantation of an artificial lens (IOL), after corneorefractive surgery such as PRK or LASIK
or other types of corneal (e.g. penetrating keratoplasty) or posterior eye segment (e.g. cerclage)
procedures, prevalence of aniseikonia seems to be significantly increased up to 40% [30].
However, many cases of aniseikonia remain undiagnosed in clinical routine [40] and its high
prevalence should sensitize ophthalmologists to the general problems of ocular magnification

and aniseikonia.

Sensitivity to magnification disparity shows a large variation in the population. Some patients
are already impaired with an overall magnification difference of around 1% between the left
and the right eye, and others tolerate magnification differences between both eyes of 3 or 5 %
without any interference of vision [2,10,11]. In contrast to binocular aniseikonia, the tolerance
or acceptance to meridional aniseikonia is not studied systematically in the literature [40].
Some researchers report, that in case of meridional in combination with binocular aniseikonia,
a correction of binocular aniseikonia is sufficient for the patient and the variation in meridional
magnification is tolerated. Others report that especially meridional variation of magnification is
less tolerated due to image distortion and causes in some cases severe complains to the patients

such as headaches, fusion problems or asthenopic complains [2,10,11,31,33].

1.2. Options for addressing aniseikonia

In ophthalmology, the classical way of addressing aniseikonia is a correction using eikonic
glasses [1,2]. With variations of the front and back (basic curvature) surface shape, thickness
and refractive index of the glass as well as vertex distance, the individual spectacle
magnification and subsequently the magnification of the entire eye can be varied [14]. For
patients where a cataract surgery with implantation of an IOL is intended, aniseikonia can be

directly addressed with an individual shape of the implant: for correction of binocular
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aniseikonia the curvature of both surfaces, central thickness and the refractive index of the lens
material could be adapted, and for correction of meridional aniseikonia central thickness,
refractive index, and both surfaces have to be shaped individually with a bitoric eikonic design
in order to compensate image distortion due to meridional variations in magnification
[25,37,44,48]. If the variation in shape alone is not sufficient to compensate for binocular
and/or meridional aniseikonia, combinations of a lens implant and an appropriate spectacle
correction could help, but in those cases we are limited in planning the refractive outcome of
the cataract surgery and the patient should be aware, that postoperative emmetropia is no
longer possible. We have to keep in mind, that calculation and manufacturing of such (bitoric)
eikonic IOLs is challenging and requires sophisticated tools, manufacturing strategies, and
know-how [37]. Another option for correction of binocular or meridional aniseikonia is the
implantation of additional lenses in the eye [38]. In the phakic eye, such lenses are called
phakic lenses or intraocular contact lenses (ICL), and they are mostly used for correction of
large spherical and/or astigmatic refraction errors in young adults, where the physiological
accommodation of the eye should be maintained and corneorefractive surgery such as LASIK,
LASEK or PRK fail. Today, such ICLs are implanted into the sulcus ciliaris, in front of the
crystalline lens. In a progressed age where physiological accommodation is significantly
reduced and first clinical signs of an opacification in the crystalline lens capsule, cortex, or
nucleus are present, the cataract is typically re-scheduled to an earlier time point (so called
‘clear cataract extraction’) and a normal capsular bag lens is implanted [37]. As outlined above,
such capsular bag lenses can be potentially used for an eikonic correction [25]. In situations,
where aniseikonia is not tolerated by the patient after cataract surgery, we have the option of
implanting an additional lens in front of the capsular bag lens (a so called add-on lens or piggy-
bag lens). The shape of such add-on lenses can be customized to correct for aniseikonia, either

for binocular or for meridional one [38].

Spectacle glasses show the largest effect on ocular magnification [1,2,36]. Due to the large
distance from the eye’s image-sided principal plane, a spectacle correction for ametropia
always affects ocular magnification much more than e.g. a contact lens correction. Minus
corrections for myopic eyes minify the retinal image size, whereas plus corrections magnify the
retinal image size [5]. That also has to be taken into consideration, if we measure the visual
performance of the eye, in terms of visual acuity. With acuity tests, letters are projected with
standard sizes (e.g. Landolt ring (EN ISO 8596) with an opening of 1 arc second for testing for
visual acuity of 1.0), and with myopic / hyperopic spectacles the visual field angle of the letter

is smaller / larger which implies a reduced / increased visual acuity by artefact. The same
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occurs in measuring the defocus curve: the more plus is used for fogging the larger the retinal
image! If the spectacle is simplified by a thin lens model, which means that the typical
meniscus shape of the spectacle glass (with a front and back surface curvature, central
thickness, and characteristic refractive index) is described by a refractive power only, the
angular magnification indicating ratio of retinal image size with and without spectacle
correction is described in Figure 1.3, where Pg refers to the refractive power of the spectacle

and VD to the vertex distance (distance between the spectacle correction and the cornea) [2].

25

10 mm VD
12 mm VD
14 mm VD
16 mm VD

20 -

I I I I I I I I I
-10 -8 -6 -4 2 0 2 4 6 8 10
Spectacle refraction PS in dpt

Figure 1.3: Spectacle magnification (thin lens model) as a function of spectacle refraction.

If we consider the spectacle correction as a thick lens with a front surface power Pgr and a back
vertex power Pg, a central thickness dg, and a refractive index ns, spectacle magnification is
split into a factor related to power (as described for the thin lens simplification) and a factor
related to shape. Figure 1.4 shows the effect of spectacle magnification exemplarily for glasses
with a central thickness of ds=3 mm, a refractive index of ng=1.5 and a vertex distance of

VD=12 mm.
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Figure 1.4: Spectacle magnification (thick lens model) for VD=12 mm. Magnification depends on
spectacle refraction and front surface power

Hyperopic corrections with a large surface power at the front surface show the largest
magnification effect, and myopic corrections with a low or negative front surface power show
the largest minification effect [2]. In contrast to spectacle magnification, correction of
refraction errors with contact lenses changes the ocular magnification much less, typically in a

range of £2-3%.

2. Objectives
The purpose of this PhD thesis is

e to present mathematical strategies for determination of ocular magnification in the
(spectacle-)corrected and uncorrected eye before and after cataract surgery with
implantation of standard lenses and toric implants,

e to show how ocular magnification is changed in different clinical situations such as
corneal surgery (e.g. LASIK, LASEK, PRK or keratoplasty), cataract surgery with
implantation of a standard or toric capsular bag lens,

e to show how the optics part of keratoprostheses can be designed to realize intended
magnification, visual field angle, and target refraction, and

e to give ideas how aniseikonia as a disparity between ocular magnification between both
eyes or magnification between different meridians could be addressed in clinical

routine to get an eikonic imaging.

10
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3. Results

In all parts of the Results section we present clinical examples to get some insight into and to
show the applicability of our calculation strategy to clinical data. In addition, we analyse a
large master dataset including N=8998 eyes with biometric measurements (IOLMaster 700,
Carl-Zeiss-Meditec, Jena, Germany) and refraction data before and after cataract surgery
alongside with the respective data of the implanted lens. For simplicity, we restricted to objects
located at infinity, which means that ocular magnification (OM) refers to the ratio of retinal
image size to the slope angle of the incident rays in radians. Gain in ocular magnification refers
to the change from preoperative to postoperative magnification in %. Meridional magnification
refers to the ratio of meridional magnifications in the magnification meridian and the
magnification axis (with respect to an elliptical image distortion as shown in Figure 1.2) in %.
For evaluation of change in meridional magnification, a circular object at object space (at
infinity) is considered, and change in meridional magnification refers to the ratio of
magnification change comparing the magnification meridian and the magnification axis by
transforming the preoperative to the postoperative retinal image. If not stated otherwise, vertex
distance VD was considered 14 mm, keratometer index for a thin lens model of the cornea was
ng=1.332 and for the refractive indices of air, cornea (nc), aqueous humour (na), crystalline
lens (n.) and vitreous (ny) we used 1.000, 1.376, 1.336, 1.41, 1.336, as used in the Gullstrand

schematic model eye [17].

The dataset included axial length measurement (AL), central corneal thickness (CCT), aqueous
depth (AQD), anterior chamber depth (ACD) as a sum of CCT and AQD, phakic or
pseudophakic lens thickness (LT), corneal front surface curvature in the flat (R1) and the steep
(R2) meridian with orientation of the flat meridian (RA), corneal back surface curvature in the
flat (PR1) and the steep (PR2) meridian with orientation of the flat meridian (PRA), spectacle
refraction with sphere (Sphere), cylinder (Cylinder) and axis (Axis), the power of the
implanted IOL (IOLP for rotational symmetric lenses and IOLP as equivalent power,
IOLPAST as lens toricity and implantation axis IOLPA for toric lenses) alongside with the
refractive index njor and the ratio of average lens back surface to front surface power (q).
Mean corneal front (Rpean) and back (PRpean) surface radius was derived as average from R1
and R2 or PR1 and PR2, respectively, and spherical equivalent of refraction (SEQ, Sphere +
0.5-Cylinder). Astigmatism of the corneal front (AST) and back (PAST) surface was derived
using AST=(nc-1)(1/R2-1/R1) and PAST=(ny-nc)(1/PR2-1/PR1).

Out of the dataset with N=8998, 1119 cases show a corneal astigmatism more than 2 diopters

and were treated with toric lenses. This subset of data was used to present results on ocular

11
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overall and meridional magnification in astigmatic eyes. For presentation of the results of
change in overall and meridional ocular magnification after corneal surgery, the dataset of
N=8998 cases was filtered for those cases where the spherical equivalent was |[SEQ| > 1.5 dpt
or refractive cylinder was Cylinder <-1.5 dpt to mimic realistic conditions where
corneorefractive surgery is typically performed. Finally, N=5017 clinical cases were
considered. The dataset of N=8998 cases was also used for a simulations of ocular

magnification, target refraction, and visual field angle (VFA) in keratoprostheses.

Results for the respective dataset are shown with descriptive statistics and a Monte-Carlo
simulation with a focus in trend analysis to extract the effect sizes and fitting (multivariate)

linear models. For that purpose we setup a Monte-Carlo simulation.

3.1. Application of our calculation strategy in cataract patients
3.1.1. Overall ocular magnification in the phakic and pseudophakic eye

Clinical case

In this example I would like to show a situation of a patient, who received cataract surgery with
implantation of a standard IOL in both eyes (left eye: SN 60, Alcon, Fort Worth, USA, right
eye: Vivinex XC1, Hoya, Tokio, Japan). The left eye was treated first and 6 weeks later the
right eye received cataract surgery. We selected this patient as a normal case with average
biometric measures, and the biometric and refraction data before and after cataract surgery are
shown in Table 3.1. As phakometry is difficult and unreliable, we back-calculated the
crystalline lens power from biometric measures and refraction [43].

Table 3.1: Preoperative and postoperative biometric and refraction data of the left (OS) and right (OD)

eyve alongside with resulting magnification. For the phakic eye we assumed a ratio of back to front
surface power of 10/6, for the IOL we took the data from the data sheet.

Axial Anterior Lens Lens shape | Mean Spherical Ocular
length AL | chamber thickness factor q / | corneal equivalent | magnificati
in mm depth ACD | LT in mm NioL radius Rye.n | SEQ indpt | on oM
in mm in mm x1000
OS preop | 23.70 3.50 4.30 0.6/1.41 7.6 -1.50 15.8473
OS postop | 23.70 5.20 0.81 0.7/1.55 7.6 -0.25 16.4365
OD preop | 23.60 3.60 4.20 0.6/1.41 7.8 -0.50 15.9540
OD postop | 23.60 5.30 0.80 1.3/1.56 7.8 0.00 16.3069

Preoperatively, the ratio of OM left/right eye was -0.67% and postoperatively 0.79%, the gain
in OM from preoperative situation to the postoperative situation was 3.72% in the left and
2.21% in the right eye. In the time interval between both surgeries the pseudophakic left eye
shows a larger OM (0.0164365) compared to the untreated right eye (0.0159540) by 3.02%.

12
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treatment at the second eye.

Descriptive statistics of our clinical dataset

The descriptive data of our large consecutive dataset of N=8998 clinical cases before and after
cataract surgery is displayed in Table 3.2 with mean, standard deviation, median, minimum
and maximum and 95% confidence interval. Table 3.2 is restricted to a selection of the most

relevant data for calculation of overall ocular magnification in the preoperative and

postoperative situation.

Table 3.2: Descriptive statistics of the most relevant parameters for calculation of overall ocular
magnification. SD refers to standard deviation, AL to axial length, ACD to anterior chamber depth

(CCT+AQD), LT to lens thickness, and SEQ to the spherical equivalent in refraction.

AL ACD ACD LT LT Riean in | SEQ SEQ
in mm preop in | postop preop in | postop mm preop in | postop
mm in mm mm in mm dpt in dpt

Mean 23.8510 | 3.2185 4.5972 4.5057 0.7941 7.7349 -0.5053 | -0.1711
SD 1.3999 0.4560 0.3481 0.6048 0.1063 0.2775 3.2659 0.2635
Median 23.6765 | 3.2056 4.5918 4.5955 0.7951 7.7266 0.0 -0.1250
Minimum 18.7129 | 1.5305 3.3596 1.0066 0.3768 6.2948 -22.3750 | -1.7500
Maximum 32.2087 | 5.5347 6.1917 8.6412 1.1988 9.5788 12.5000 | 0.6250
2.5% quantile 21.5167 | 2.3556 3.9289 3.2784 0.5823 7.2366 -8.2500 | -1.0000
97.5% quantile | 27.1137 | 4.0849 5.3042 5.4966 0.9966 8.3247 4.6250 0.2500

Table 3.2 presents the OM for the phakic eye before cataract surgery and the pseudophakic eye

after cataract surgery alongside with the gain in OM from preoperative to postoperative

situation.

Table 3.2: Descriptive statistics of ocular magnification (OM) and gain

the preoperative to the postoperative situation.

in ocular magnification from

oM x1000 | OM x1000 | Gain in OM in %
preoperatively postoperatively

Mean 16.2700 16.7128 2.6767

Standard deviation | 0.5215 1.1189 5.1252

Median 16.2494 16.5667 1.9081

Minimum 14.2371 12.6524 -16.6503

Maximum 19.2368 24.0111 37.7394

2.5% quantile 15.3243 14.8520 -5.5938

97.5% quantile 17.3993 19.2687 14.1937
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Overall, OM gains due to cataract surgery by 2.7% on average, and there is large individual
scatter depending on several effect sizes, which is demonstrated in the following section. The

95% confidence interval ranges in between -5.6 and 14.2%.

Monte-Carlo simulation in our clinical dataset

For this Monte-Carlo simulation, we considered the cornea as a thick meniscus lens with Ryean,
PRiean, and CCT to study the effect sizes. Therefore ACD as a potential effect size was
replaced by CCT and AQD. The linear multivariate prediction model for ocular magnification
in the phakic and pseudophakic eye with the effect sizes AL, CCT, AQD, LT, Ruean, PRmeans»
and SEQ read

e OM=0.41208+0.85444-A1-0.28442-CCT-0.2331-AQD-0.173-LT-0.21044 R ncan-
0.17223-PRyeant0.26351-SEQ (phakic eye)

e OM= 0.057259+ 0.89048-AL -0.27063-CCT --206.08-AQD-0.173-LT- -0.26*Rean-
0.16754-PRycant 0.26673-SEQ (pseudophakic eye)

The root mean squared error of this prediction model for the phakic/pseudophakic situation is
0.0408 / 0.0253 and R?=0.994 / 0.999. All effect sizes are highly significant with p<0.0001.
The multivariate model for the phakic eye including all 7 effect sizes shows a very good
performance (Figure 3.1 lower row right column), whereas the effect sizes in a univariate
linear model yield a much lower performance as shown in Figure 3.1. Mostly AL, Rpean,

PR 1ean,, and SEQ seem to have a strong impact on OM.
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Figure 3.1: Phakic eye: univariate linear models to analyse the predictability of axial length (AL),
central corneal thickness (CCT), aqueous depth (AQD), lens thickness (LT), mean curvature of the
corneal front and back surface (Ryean, PRuear), and spherical equivalent (SEQ) alongside with the
performance plot for the multivariate model (lower right).

For the pseudophakic eye, the respective graphs for the 7 univariate and the multivariate linear
models are shown in Figure 3.2. Due to the lower variation in refraction error in the
pseudophakic eye, the performance of the prediction models is even better, compared to the

phakic eye. In the univariate linear model AL seems to have a high and AQD and LT as well as
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SEQ a moderate impact on OM. The multivariate model, as shown on the lower row right

column implies, that pseudophakic OM could be predicted with a very low prediction error.
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Figure 3.2: Pseudophakic eye: univariate linear models to analyse the predictability of axial length
(AL), central corneal thickness (CCT), aqueous depth (AQD), lens thickness (LT), mean curvature of
the corneal front and back surface (Ryean, PRyean), and spherical equivalent (SEQ) alongside with the
performance plot for the multivariate model (lower right).

3.1.2. Meridional ocular magnification in the phakic and pseudophakic eye

Clinical case

In this example I would like to present the situation of a patient, who underwent cataract
surgery with implantation of a toric lens implant IOL in both eyes (both eyes: Vivinex XY1
toric, Hoya, Tokio, Japan). The right eye was treated first, and 2 weeks later the left eye
underwent surgery. The biometric and refraction data before and after cataract surgery are
shown in Table 3.3. Again, as phakometry is difficult and unreliable, we determined the
crystalline lens power from biometric measures and refraction and the shape factor (ratio of
front to back surface radius 10/6, g=0.6) and average refractive index (n=1.41), derived from
the Gullstrand schematic model eye [17]. The shape factor for the IOL, as well as the refractive
index was provided by the lens manufacturer.

Table 3.3: Preoperative and postoperative biometric and refraction data of the left (OS) and right (OD)
eye alongside with resulting overall magnification and meridional magnification disparity. AL, CCT,
AQD LT refer to axial length, central corneal thickness, aqueous depth, lens thickness, R1 /R2 and PRI
/ PR2 to the corneal front and back surface radius of curvature in the flat / steep meridian, corrected /

uncorrected OM to the mean ocular magnification and disparity of meridional ocular magnification
with/without spectacle correction.

AL/CCT/ | R1/R2in | PR1/PR2 | Refraction Corrected OM Uncorrected OM
AQD/LT mm in mm SEQ/ overall x1000 / overall x1000 /
in mm Cylinder meridional OM meridional OM in
in % %

OS preop | 25.50/0.54 | 8.05/7.45 | 6.85/6.60 | -6.25/-4.5 15.96/6.15 17.63/1.06
/2.84/4.13

OS postop | 25.50/0.54 | 8.05/7.45 | 6.85/6.60 | -0.375/- 18.07/1.99 18.15/1.99
/4.62/0.73 0.25
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OD preop | 24.60/0.55 | 7.90/7.40 | 6.90/6.70 | -2.50/-3.0 15.88/3.76 16.95/1.15
2.80/4.25

OD postop | 24.60/0.55 | 7.95/7.40 | 6.90/6.70 | -0.25/-0.5 17.25/1.05 17.34/1.91
/4.72/0.75

Preoperatively, the difference in overall OM between left and right eye was 0.50% and
postoperatively 4.75%, the gain in OM from preoperative situation to the postoperative
situation was 13.22% in the left and 8.62% in the right eye. For the uncorrected eye (with blur),
the preoperative ratio of overall OM left/right eye was 4.01% and postoperatively 4.67%, the
gain in OM from preoperative situation to the postoperative situation was 2.94% in the left and

2.30% in the right eye.

Image distortion due to meridional OM for the spectacle corrected eye was 6.15% / 3.76%
preoperatively and could be reduced by implantation of the toric lens to 1.99 / 1.05% for the
left / right eye. For the uncorrected eye (with blur), the respective values were 1.06 / 1.15%
preoperatively and 1.99 / 1.91% postoperatively.

In the time interval between both surgeries, the pseudophakic right eye shows larger overall
magnification (0.01725) compared to the untreated left eye (0.01596) by 8.08%. Meridional
image size disparity was in this time interval 1.05% in the right eye and 6.15% in the left eye,

which again caused some fusion problems. The patient forced the treatment at the second eye.

Descriptive statistics of our clinical dataset

From the N=8998 clinical cases, we selected those cases which received a toric lens implant
(N=1119). The biometric data and refraction data before and after cataract surgery are
displayed in Table 3.4 with mean, standard deviation, median, minimum and maximum, and
95% confidence interval. Table 3.4 is restricted to a selection of the most relevant data for
calculation of overall and meridional ocular magnification in the preoperative and
postoperative situation.

Table 3.4: Descriptive statistics of the most relevant parameters for calculation of overall ocular
magnification. SD refers to standard deviation, AL to axial length, CCT to central corneal thickness,
AQD to aqueous depth, LT to lens thickness, Ryein and PR .., to mean corneal front and back surface

radius, AST and PAST to corneal front and back surface astigmatism, and SEQ and Cylinder to
spherical equivalent and refractive cylinder.

AL/CCT | AQD LT preop/ | Riean/ AST/ SEQ/ SEQ/
in mm preop / postop in PR I PAST in Cylinder Cylinder
postop in mm mm dpt preop in postop in
mm dpt dpt
Mean 23.96/ 2.64/4.06 | 4.50/0.77 | 7.71/6.86 | 2.64/0.37 | -1.57/- -0.16 / -
0.56 2.14 0.64
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SD 1.64/0.04 | 0.47/0.38 | 0.63/0.11 | 0.29/0.30 | 0.94/0.22 | 4.10/0.76 | 0.23/0.24
Median 23.85/ 2.60/4.05 | 4.61/0.77 | 7.69/6.86 | 2.34/0.39 | -1.00/- -0.12 /-
0.56 2.00 0.50
Minimum 18.71/ 1.15/2.96 | 3.13/0.44 | 6.29/534 | 1.50/0.02 | -20.75/ - -1.25/-2-
0.43 7.25 25
Maximum 31.72/ 4.16/529 | 645/1.09 | 8.63/8.48 | 8.41/1.32 | 12.50/- 0.50/-
0.72 1.00 0.25
2.5% 21.09/ 1.81/3.34 | 3.27/0.57 | 7.15/6.32 | 1.68/0.05 | -11.06/ - -0.62 / -
quantile 0.48 4.00 1.25
97.5% 27.71/ 3.51/4.83 | 557/0.99 | 837/7.48 | 527/0.85 | 5.75/- 0.25/-
quantile 0.63 1.25 0.25

Table 3.5 presents the overall OM as well as the meridional OM disparity for the phakic eye
before cataract surgery and the pseudophakic eye after cataract surgery.
Table 3.5: Descriptive statistics of overall ocular magnification (OM) and gain in ocular magnification

from the preoperative to the postoperative situation.
Overall OM Meridional Overall OM Meridional

x1000 magnification x1000 magnification
preoperatively disparity preop. in % | postoperatively disparity postop. in

%

Mean 16.0606 2.7501 16.9501 0.4198
SD 0.5381 1.0309 1.3782 0.2884
Median 16.0634 2.5116 16.7817 0.3570
Minimum 13.9398 0.9029 12.4182 0.0134
Maximum 18.1613 7.8461 23.8516 2.4558
2.5% quantile 14.9934 1.4244 14.5012 0.0599
97.5% quantile 17.1305 5.4324 20.0408 1.1572

Overall, OM gains due to cataract surgery by 5.51%, on average. Image distortion due to

meridional disparity in OM decreases from 2.75% preoperatively, to 0.42% postoperatively.

Monte-Carlo simulation in our clinical dataset

In this Monte-Carlo simulation, we considered N=1119 cases out of N=8998 eyes where a toric
IOL was implanted during cataract surgery. The cornea was considered as a thick meniscus
lens with front surface and back surface curvature (mean radius Ryean and PRyea,) and
astigmatism (AST and PAST), with the respective orientation RA and PRA (not shown in this
evaluation). From biometry, we extracted AL, CCT, and AQD pre- and postoperatively. From
refraction, we used preoperative and postoperative SEQ and Cylinder. For the multivariate

linear regression models, we used AL, CCT, AQD, Rpean, PRpean, AST, PAST, SEQ and
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Cylinder as potential effect sizes. The prediction model for disparity of meridional OM

(DMOM) for the spectacle corrected phakic and pseudophakic eye read

e DMOM= -0.20773+ 0.0027107-AL+ 0.23983-CCT- 0.042348-AQD--0.064563-LT-
0.10661Rnean-0.4588- AST+0.1717-PRyyeant0.78936-PAST+0.067986-SEQ-
1.791-Cylinder (phakic eye)

e DMOM= 0.35003 +0.014072 -AL+ 0.12806 -CCT-0.0049123 -AQD+0.0022863-LT-
0.018822 ‘Rpean- 0.019815 -AST-0.071684 PR nean-0.015104 -PAST-0.045766 -SEQ-
0.40752-Cylinder (pseudophakic eye)

The root mean squared error of this prediction models for the phakic / pseudophakic situation
is 0.131 / 0.263 and R?>=0.984 / 0.178. For the phakic model, all effect sizes except AL and
intercept were statistically significant (p<0.05), but for the pseudophakic model, the

performance was much worse. Only Cylinder could be validated, as an effect size (p<0.05).

Figure 3.3 shows the multivariate model for the phakic eye (left side) and the pseudophakic
eye (left side) including all 10 effect sizes. The prediction model for disparity of meridional
magnification shows a very good performance for the phakic eye in contrast to the prediction

model for the pseudophakic eye.

Figure 3.3: Multivariate linear prediction model disparity of meridional magnification (DMOM in the
phakic (left) and the pseudophakic eye. As potential effect sizes were considered: axial length AL,
central corneal thickness CCT, aqueous depth AQD, lens thickness LT, mean corneal front and back
surface radius Reqn, and PR, corneal front and back surface astigmatism AST and PAST, spherical
equivalent SEQ and refractive cylinder Cylinder.

Figure 3.4 displays the graphs for the 10 potential effect sizes (AL, CCT, AQD, LT, Rican,
PRinean, AST, PAST, SEQ, and Cylinder) analysed in a univariate linear model for the phakic
and pseudophakic eyes. Axial length AL, central corneal thickness CCT, and aqueous depth
AQD show almost no effect on disparity of meridional OM, whereas lens thickness presents

some inverse effect. In the univariate model for disparity of meridional OM in the phakic eye,
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AST and PAST as well as Cylinder show some impact. SEQ and Cylinder seem to have an

inverse effect on disparity of meridional OM in the phakic and pseudophakic prediction model.
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Figure 3.4: Meridional magnification before (phakic eye) and after (pseudophakic eye) cataract
surgery with implantation of a toric lens described with univariate linear models for all 10 effect sizes
axial length AL, central corneal thickness CCT, aqueous depth AQD, lens thickness LT, mean corneal
front and back surface radius R,., and PR, corneal front and back surface astigmatism AST and
PAST, spherical equivalent SEQ and refractive cylinder Cylinder..

3.2. Change in overall and meridional magnification due to corneal surgery

Corneal curvature is one of the major effect sizes, which determine OM. The dominant portion
of ocular astigmatism refers to the corneal front surface shape. Especially in keratoplasty or
corneorefractive surgery such as LASIK, LASEK, or PRK, the correction with spectacles is
shifted in part or completely to the corneal plane, which affects overall OM, and in case of
corneal astigmatism also meridional OM. In this section, we address the change in OM due to
change of corneal curvature [35,37]. The cornea is considered as a thick lens. We provide 2
clinical examples and present descriptive data and results of a Monte-Carlo simulation based
on our clinical dataset where the change in OM is predicted for a potential population for
corneorefractive surgery (target refraction was assumed to be plano) from biometric data and
the change in corneal curvature. For the descriptive data and the Monte-Carlo simulation we
extracted from the dataset of N=8998 all clinical cases with [SEQ| > 1.5 dpt or Cylinder <-1.5

dpt (N=5017), to mimic realistic situations for corneorefractive surgery.
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Clinical case

In the first example we consider a clinical situation before and after LASIK. Preoperatively,
R1/R2/RA and PR1/PR2/PRA are 7.80 mm / 7.50 mm / 10° and 6.80 mm / 6.60 mm / 5°, and
spectacle refraction is -7.5 dpt -2.5 dpt / 5°. Postoperative refraction is intended to be 0 dpt —
0.25 dpt / 90° to support reading ability. The change in corneal front surface curvature was
derived from the intended change in refraction and yielded 9.11 mm / 9.00 mm / 70°. Central
corneal thickness prior to ablation was assumed to be 550 um, and postoperatively it was
reduced to 480 um due to corneal ablation. Corneal back surface curvature and aqueous depth

(3.5 mm) are assumed to be unchanged during surgery.

Due to corneal flattening overall OM gains by 12.05%, and expressed in the principal
meridians [4] it gains by 13.99% in 90° (magnification meridian) and by 10.11% in 0°

(magnification axis).

In the second example, we consider a clinical situation before and after penetrating
keratoplasty. Preoperatively, R1/R2/RA and PR1/PR2/PRA are 8.00 mm / 7.30 mm / 25° and
6.90 mm / 6.40 mm / 35°, and spectacle refraction is 2.5 dpt -4.0 dpt / 30°. Postoperatively,
R1/R2/RA and PR1/PR2/PRA are 7.90 mm / 7.20 mm / 95° and 6.80 mm / 6.50 mm / 100°,
and spectacle refraction is 2.0 dpt -4.0 dpt / 100°. CCT and AQD preoperatively /
postoperatively are 630 um / 610 um and 3.3 mm / 3.2 mm.

Due to the change in corneal shape (front and back surface), CCT and AQD, overall OM gains
by 2.83%, and expressed in the principal meridians, it shows a gain of 12.06% in 91°

(magnification meridian) and a loss of 6.40% in 1° (magnification axis).

Descriptive statistics of our clinical dataset

From the N=8998 clinical cases, we selected those situations with [SEQ|>1.5 dpt or Cylinder <
-1.5 dpt (N=5017). The biometric data and refraction data and the simulated corneal front
surface and thickness data after ‘simulated’ corneorefractive surgery are displayed in Table 3.6
with mean, standard deviation, median, minimum and maximum, and 95% confidence interval.
Table 3.6 is restricted to a selection of the most relevant data, for calculation of overall and
meridional OM in the preoperative and ‘simulated postoperative’ situation.

Table 3.6: Descriptive statistics of the most relevant (preoperative) parameters for calculation of
overall and meridional ocular magnification. SD refers to standard deviation, CCT to central corneal
thickness, AQD to aqueous depth, R,e., and PR,.., to mean corneal front and back surface radius, AST
and PAST to corneal front and back surface astigmatism, and SEQ and Cylinder to spherical equivalent
and refractive cylinder. Postoperative Re., AST and CCT were back-calculated to achieve

postoperative plano refraction.
CCT preop | AQD in | Ryem /| AST / PAST | SEQ preop in | Cylinder
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in mm mm PRyean in | indpt dpt preop in dpt
mm
Mean 0.5586 2.65 7.72/6.87 1.20/0.28 -0.99 -0.98
SD 0.0362 0.50 0.28/0.28 0.96/0.15 4.23 0.79
Median 0.5584 2.60 7.72/6.86 0.94/0.26 -1.62 -0.75
Minimum 0.4248 1.04 6.29/5.35 0.00/0.00 -20.75 -7.25
Maximum 0.7227 4.99 9.12/8.48 8.41/1.32 12.50 0.00
2.5% quantile 0.4870 172 7.22/6.36 0.15/0.05 -9.75 -3.0
97.5% quantile | 0.6305 3.60 8.34/7.44 3.82/0.65 5.62 0.0

Table 3.7 presents the change in overall OM as well as meridional OM disparity from the

situation before, to the situation after corneorefractive surgery.

Table 3.7: Descriptive statistics of the change in ocular magnification due to corneorefractive surgery
intending plano refraction postoperatively. SD refers to standard deviation, change in ocular
magnification in the magnification meridian (maximum change) and the magnification axis (minimum
change), DMOM to the disparity of meridional magnification. Positive values refer to a gain and
negative values to a loss in ocular magnification.

Minimum change | Maximum change | Change in overall | DMOM in %
in OM in % in OM in % OM in %
Mean 0.5683 2.2261 1.3972 1.6430
SD 5.7864 6.1652 5.9308 1.5012
Median 1.1319 3.0321 2.2774 1.2111
Minimum -18.3908 -16.5965 -17.4936 0.0014
Maximum 30.8895 32.4685 31.3247 13.8338
2.5% quantile | -8.7642 -7.2717 -7.8769 0.0578
97.5% quantile | 12.5965 15.2244 13.6861 5.5840

Overall, OM gains due to corneorefractive surgery based on our dataset by -7.88% to 13.69%
(95% confidence interval), and distortion in terms of difference between the meridian with the
maximum and the minimum change ranges in between 0.06% and 5.58% (95% confidence

interval).

Monte-Carlo simulation in our clinical dataset

In this Monte-Carlo simulation we considered N=5017 cases out of N=8998 eyes with a mean
ametropia [SEQ| > 1.5 dpt or Cylinder < -1.5 dpt. A corneorefractive surgery was not
performed in any of those patients. From the dataset we extracted the curvature data of the
front and back surface, CCT, AQD, and refraction, which was quoted as ‘preoperative
refractive error’. By targeting to a plano refraction, we estimated corneal front surface
curvature and central corneal thickness in the postoperative situation, by transforming

preoperative refraction error from spectacle plane to a change in corneal front surface
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curvature, while keeping corneal back surface curvature and AQD constant. Change in overall
OM, as well as change in meridional OM was calculated, and a multivariate linear model was
defined for prediction of overall and meridional OM change, with the effect sizes preoperative
CCT, AQD, Riean, AST, PRpean, PAST, SEQ and Cylinder. The prediction model for the

change in overall and meridional ocular magnification A read

e AOM= -0.028076 -0.005936-CCT  +0.0058624-AQD  -0.0033889'Rican +
0.0088816-AST + 0.0044042'PRppean + 0.015244-PAST  -1.3997-SEQ -
0.0012854-Cylinder (overall change in OM)

e AOM= -0.83477 -0.30987 -CCT +0.37092 -AQD -0.087154 ‘Rypean + 0.60646 -AST +
0.086664 -PRypean + 0.29782 -PAST 0.02179-SEQ -0.9742-Cylinder (change in
meridional OM)

The root mean squared error of this prediction models (change in overall/meridional OM) are
0.015/ 0.599 and R?=0.999 / 0.841. In the prediction model for the change in overall OM, all
effect sizes except CCT and Cylinder were statistically significant (p<0.05), and for the
prediction model for change in meridional OM beside the intercept, the effect sizes AQD,

AST, PAST, SEQ and Cylinder were statistically significant (p<0.05).

Figure 3.5 shows the multivariate model for prediction of change in overall (left) and
meridional (right) OM due to corneorefractive surgery targeting for a plano postoperative
refraction, including all 8 effect sizes. The performance of predicting the change in overall OM
seems to be much better compared to the performance of the predicting the change in

meridional OM due to corneorefractive surgery.
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Figure 3.5: Multivariate linear prediction model for the change in overall ocular magnification (left)
and in meridional ocular magnification (right) due to corneorefractive surgery. As potential effect sizes
were considered: central corneal thickness CCT, aqueous depth AQD, lens thickness LT, mean
curvature of the corneal front and back surface Reqn, and PR ., astigmatism of the corneal front and
back surface AST and PAST, spherical equivalent SEQ and refractive cylinder Cylinder.

Figure 3.6 displays the graphs for the 8 potential effect sizes (CCT, AQD, Ryean, PRinean, AST,
PAST, SEQ and Cylinder) analysed in a univariate linear models for prediction of change in
overall and change in meridional ocular magnification, due to corneorefractive surgery aiming
for plano postoperative refraction. CCT seems to be no predictor, AQD and Ryean and PRppean
are weak predictors, AST, PAST, and Cylinder seem to be strong predictors for change in

meridional OM, and SEQ seems to be a strong predictor for estimating the change in overall
OM.
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Figure 3.6: Univariate linear models for predicting the change in overall and meridional ocular
magnificatio due to corneorefractive surgery. The change in corneal front surface curvature and
thickness was estimated from the intended change in refraction. Please note that for integrating both
target parameters into one plot, the change in meridional ocular magnification was multiplied by x10.
Both target parameters were described with univariate linear models for all 8 effect sizes (CCT, AQD,
Rieanss PRuean, AST, PAST, SEQ, and Cylinder).

3.3. Ocular magnification and visual angle in keratoprostheses

Keratoprostheses are an artificial replacement of the cornea for clinical situations, where the
prognosis of a standard keratoplasty procedure is poor. Keratoprostheses such as the Boston I
or IT are assembled from a central optics cylinder made from polymethylmethacrylate (PMMA)
and a haptics part for fixation in the host cornea [9,12,19,45]. As the optics cylinder is intended
to have a rotationally symmetric shape, it is defined with a surface curvature for the front (Ry¢)
and back (Rp) surface, as well as a diameter (D) and length (L). The diameter and length
characterize the visual (half) field angle (VFA) within the optics cylinder, whereas the
refraction is defined by the thickness and the curvature of both refractive surfaces [39]. The
optical model that we used consists of a spectacle correction (to mimic target refraction), the
optics cylinder, which typically extends the cornea by around half a millimetre, and the focal

distance as interspace between the optics cylinder and the retina (aqueous / vitreous).
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Clinical case

If we consider for our clinical case AL=23.5 mm, a VD=12 mm, an optics cylinder of the
keratoprosthesis with a diameter 2.8 mm and thickness of 3.5 mm, and a target refraction of
TR=-1.0 dpt, we could analyse (exemplarily) 3 different scenarios by variation of the front

surface curvature Rf:

e R=6.0 mm: R,=4.5 mm, OM: 18.7077, equivalent power: 53.45 dpt, VFA: 34.8°
e R=7.0 mm: R,=8.9 mm, OM: 18.0959, equivalent power: 55.26 dpt, VFA: 35.4°
e R=8.0 mm: R,=30.6 mm, OM: 17.6626, equivalent power: 56.61 dpt, VFA: 35.9°

If we compare OM with the steep (6.0 mm) or the flat (8.0 mm) front surface curvature to the
average of 7.0 mm, we read out a gain of 3.38% or a loss of 2.39% in OM. In contrast, if we

vary the target refraction TR and keep front surface radius R constant at 7.0 mm, we get out:

e TR=-3 dpt: R,=10.6 mm, OM: 17.5826, equivalent power: 56.87 dpt, VFA: 36.2°
e TR=-1dpt:: R=8.9 mm, OM: 18.0959, equivalent power: 55.26 dpt, VFA: 35.4°
e TR=1 dpt:: R=7.7 mm, OM: 18.6400, equivalent power: 53.64 dpt, VFA: 34.7°

If we compare OM with the more myopic refraction (-3.0 dpt)) or the more hyperopic
refraction (1.0 dpt) to the average of -1.0 dpt, we read out a loss of 3.01% or a gain of 3.01% in
OM.

Monte-Carlo simulation in our clinical dataset

In this Monte-Carlo simulation we consider N=8998 cases to resample the distribution of axial
length in a clinical population. We varied target refraction TR, front surface radius of the optics
cylinder R¢, as well as the diameter D and thickness L of the optics cylinder to analyse the
effect sizes for OM and VFA. The back surface of the optics cylinder was adjusted to maintain

the optical system balanced and to place the focus at the retina.

With some basics in optics [16] it is clear that from the potential effect sizes TR, AL, R, D and
L the diameter of the optics cylinder does not affect magnification and AL does not affect the
visual field angle, therefore, these components were omitted from the multivariate linear

models. OM and VFA are described by:

e OM=0.0011146+0.00087566- AL+ 0.00026564-TR -0.00055671-R¢+ 0.00025279-L
e VFA=37.065-0.37185-TR+ 0.55456-R¢+10.676-D- 10.377-L

Root mean squared fit error was 0.000483 / 0.408 and R* was 0.929 / 0.988 for prediction of
OM and VFA, respectively.

28



DOI:10.14753/SE.2021.2503

Figure 3.7 shows the performance of the multivariate linear prediction model for ocular
magnification (OM, left) and visual field angle (VFA, right), for variations of TR, AL, R¢, D
and L.
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Figure 3.7: Performance of the multivariate prediction model for ocular magnification (OM) and
visual (half) field angle (VFA).

Figure 3.8 presents the prediction of OM (x1000) and VFA as functions of AL, TR, R¢ and
D/L in univariate linear models. As D does not affect OM, in the lower right graph we

condensed the effect of D and L on VFA.
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Figure 3.8: Ocular magnification (OM) and visual (half) field angle (VFA) versus AL, TR, Rf and VFA
versus D/L

From the lower right graph we see that the aspect ratio D/L mostly determines VFA; and OM

increases with larger AL, more hyperopic target refraction and steeper Ry.
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4. Discussion

4.1. Magnification and problems caused by magnification disparities

In modern ophthalmic surgery, the major goal is to reach the intended refraction and to get out
perfect image performance in terms of high visual acuity, high contrast sensitivity, negligible
blur and halos [14]. The focus of today’s research is mostly on reduction of optical aberration,
chromatic errors and elimination of photic phenomena, and in this context classical problems
such as magnification disparity, image fusion and stereopsis are mostly ignored
[3,10,11,31,51,52]. Ocular magnification is determined by the entire optical system, which
includes the spectacle refraction in addition with the shape of the glasses [1,2], contact lenses,
corneal shape and thickness, lens shape and thickness [37] and the interspaces between cornea
and lens, as well as between lens and retina. The refractive indices of cornea, aqueous and
vitreous do not show large variations, but in the crystalline lens we have a complex structure of
a gradient index which varies with the optical density of the cataract [18]. For spectacles, we
have different options of optical materials from low refracting glasses to high refractive
glasses, and for lens implants the material which are typically used by the IOL manufacturers
show a range in refractive index between 1.46 (hydrophilic acrylate) to 1.57 (high index
hydrophobic acrylic). In most of the textbooks, the disparity of retinal image size mostly refers
to the overall magnification difference between both eyes [3,5]. For this classical perspective
of aniseikonia, we have lots of clinical data about tolerance and problems of fusion, summation
or suppression of images in the brain. As soon as we have at least one astigmatic surface in the
optical system, we deal with a cylindrical telescope [33,35,38] and in best case, if all optical
elements are centred and aligned, a circular structure at object space is distorted to an ellipse at
the retina. That means that all structures show distortions, and meridional difference in ocular
magnification refers to the ratio of the large to the short diameter of the ellipse (mostly
provided in % of difference) [36,38]. With modern diagnostic techniques based on
Scheimpflug imaging, optical coherence tomography (OCT) or confocal microscopy, we get a
detailed insight into ocular structures, and lots of measures could be grabbed from those
instruments. Today, we are mostly using optical biometers which provide information about
the corneal front surface geometry, and all distances in the eye. In addition, some biometers
provide the tomographic data of corneal front and back surface and a central OCT image of the
para-foveal space. Anterior segment OCT gives some complementary information about the
geometry of the chamber angle, the pupil outline, as well as the geometry of the crystalline or

artificial lens’ front and back surface in dedicated phakometry measurement modules.
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Therefore, alongside with the refractive error of the eye, we have all relevant parameters to

investigate ocular magnification [3,5,38].

4.2. Handling with magnification disparities

There are several strategies for addressing retinal image size disparity. Before going into detail,
clinicians have to measure the tolerance of a patient to retinal image size disparities and image
distortions due to variations in meridional magnification [10,11]. For that purpose, we have
standard approaches such as eikonometers. But such instruments do not yield reliable data
about the tolerance under realistic conditions, as most of the fusion problems typically arise in
daily life and may be absent under ideal test conditions. If the tolerance levels are derived, the
evaluation of the actual eikonic status should be mandatory, prior to any type of ocular surgery,
where refractive surfaces or distance in the eye are systematically changed [5,10,11]. With that
baseline of ocular magnification, we could use prediction models to estimate the effect of

ocular surgery on the eikonic status of the patient [40].

In most cases of cataract surgery or corneorefractive surgery, both eyes show very similar
measures (anisometropia is small), and if both eyes are treated with similar surgeries or
implants, aniseikonia is not a major task. But if there is a larger time interval between treating
the left and the right eye, the patient may complain about lack of stereopsis or fusion problems
in this time interval. But even in case of isometric situations of both eyes, if only one eye is
indicated for ocular surgery (e.g. for monovision), the preoperative situation should be
analysed alongside with any prediction of the postoperative situation, to get some idea how
much change in (overall or meridional) magnification could be expected after surgery [36]. In
case of anisometric eyes, such an analysis of the baseline eikonic situation and a prediction of
the postoperative situations are even more important to avoid severe eikonic problems after

interventions [36].

The most popular surgical intervention which may change the eikonic status of the patient are
cataract surgery, corneorefractive procedures such as LASIK, LASEK, PRK, refractive
procedures at the lens [38] such as implantation of an artificial lens in a phakic or
pseudophakic eye, or keratoplasty [36]. In cases where an implantation of a toric lens is
scheduled or a corneorefractive procedure includes a correction of cylindrical refraction errors,
the meridional magnification may change in addition to the overall magnification, and should

be considered in the calculation concept.
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4.3. Options for calculating ocular magnification

In this thesis we restricted to models based on linear Gaussian optics (paraxial optics), which
can be applied to thick lens models as well as simplified thin lens models [4-7,20,21,27,28].
There are different strategies to deal with optical systems in linear optics: one option is to trace
vergences [46] from the object to the image [18]. Such calculation strategies are step-by-step
approaches, which can deal with rotational symmetric optical systems, where all optical
elements are centred and aligned, but also with astigmatic systems where we use
complementary notations such as the standard and Humphrey notation [20,21]. The standard
notation is in general used if we trace through a homogeneous optical medium, and the
Humphrey notation is used if we consider (rotational symmetric or spherocylindrical) optical
surfaces. We can switch between both notations and vergences are described with both

notations equivalently.

Alternatively, we could use matrices for analysing paraxial optical systems [43,49]. The benefit
of the matrix notation is that the calculation is performed en bloc, instead of a step-by-step
approach. Refractive surfaces are defined using refraction matrices, and interspaces with a
homogeneous medium are represented by translation matrices [26-29,32]. A system matrix
which represents the entire optical system is calculated by multiplying all matrices from the
object to the image (in an inverse order) together [27,28]. Ocular magnification can be directly
extracted from the system matrix of the entire system if it is fully corrected to image the object
sharply to the retina. If we deal with rotationally symmetric optical systems, a simple 2x2
matrix strategy is sufficient [34,42,49], and if at least one refractive surface is astigmatic, an
upgrade to 4x4 matrices is sufficient. In that case the system matrix is of dimension 4x4 and
decomposes into 4 2x2 submatrices. One of those 2x2 submatrices describes the ocular
magnification properties, and with a principal component analysis [4] we could derive the
ocular magnification in both principal meridians (the major and the minor axis of the ellipse
including orientation, if a circle is imaged to the retina). If the optical system is not fully
corrected, we have to calculate the principal ray, which passes through the centre of the
aperture stop, and magnification of such an uncorrected system is referenced to that principal

ray [36].

In the general case if all refractive surfaces are well-defined with topographic data (corneal
front and back surface, lens front and back surface and if available the design data of the
spectacle correction) we could use full aperture raytracing instead of paraxial setting [41,47].
With raytracing, we trace a representative bundle of rays starting from the object through all

optical surfaces and media to the retina. Instead of simplifications (linearization) of the Snellius
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refraction law the sine of the angle between the surface normal and the incident ray
characterizes the sine of the exiting ray. The benefit of full aperture raytracing is that we could
deal adequately with image distortions, large numerical apertures or rays with a larger height,
with respect to the optical axis [47]. However, raytracing strategies require a full set of surface
data, which — up to my knowledge — are at the moment only available for the corneal front and
back surface, but not for the lens [41]. In general, phakometry is difficult and in this thesis we
back-calculated the refractive properties of the crystalline lens from biometric data of the
cornea [18,44,46], all distances in the eye, refractive error, and an average refractive index
(n.=1.41) and curvature ratio of front and back surface (10 mm / 6 mm), derived from a

schematic model eye [17].

Currently there are only few companies which manufacture dedicated individual eikonic
implants [26,37] or glasses to reach a target ocular magnification [1]. The major problem is
that such lenses are limited in thickness, and as the optical thickness between front and back
surface is a critical parameter for the change of magnification, the variation of the shape of
both surfaces necessary for achieving a target magnification could be dramatically [37]. But if
we plan during surgery to vary e.g. the spectacle correction (target refraction) and the cornea
(corneorefractive surgery, e.g. LASIK) or the spectacle correction and the IOL (lens power) to
be implanted, we have a wide range of eikonic correction even with small or moderate
modifications in the target refraction and the corneal shape or IOL power [33]. In contrast to
using individual eikonic designs for the glasses or the IOL, we could deal with standard lenses

and glasses, as the combination of both maintains the eikonic correction.

4.4. Application of a calculation strategy to clinical data

In this PhD thesis, we applied our calculation strategy for analysing and predicting overall and
meridional magnification to the special condition of standard cataract surgery (with
implantation of rotational symmetric IOL), to cataract surgery with implantation of a toric
lenses, to situations of corneal surgery, as well as keratoprostheses implanted in the aphakic
eye in situations with severe corneal pathologies. For all fields of application we provided
clinical examples to give some idea about the change in ocular magnification. The calculation
strategy for standard cataract surgery is very simple dealing with 2x2 matrices [32,40,42], and
therefore it could be implemented and integrated easily in all IOL calculation concepts (even
with an Excel spreadsheet). If the biometric data of both eyes of an individual together with the
actual refraction and the target refraction after surgery is entered, we can read out the actual
eikonic status as well as the estimated postoperative eikonic status and the situation if only one

of both eyes is treated. The calculation concept for astigmatic systems which are treated with a
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standard or toric lens implant is much more complex, as we have to deal with 4x4 matrices. As
long as the principal meridians of all astigmatic surfaces are properly aligned, magnification
can be simplified to a separate calculation, according to standard lenses for both principal
meridians [33]. But in general, the principal meridians are not aligned and we consider
astigmatic axes at random by using 4x4 matrix calculations [26-29]. As a result, we read out
the average ocular magnification as well as the disparity in meridional magnification
(comparing the meridional magnification in the magnification meridian and magnification axis)
at image plane if a circle at object plane is traced through the optical system. Finally, we get
out an ellipse for the left and for the right eye each for the preoperative and the postoperative
situation, in total 4 ellipses. If comparing the ellipses of both eyes in the preoperative or in the
postoperative situation, we could analyse the preoperative and the estimated postoperative
eikonic situation of the patient. By comparing the preoperative and the postoperative situation
for the left and the right eye, we calculate the gain or loss in overall or meridional
magnification due to surgery. For the application of our concept to corneal surgery, we
restricted to analysis of ocular magnification gain or loss and ignored absolute magnification
values and a comparison of both eyes [36]. In those situations, the measurement of the
posterior eye segment is not required for this analysis, and we are restricted to measurement of
the anterior eye segment. In general cases, if we have no data whether the eye is fully corrected
or not, we require the measurement of the anterior segment from the object to the aperture stop

(pupillary plane) for calculation.

For the application of keratoprostheses, the situation is completely different. Keratoprostheses
are implanted into aphakic eyes, and therefore, we have a very simple optical system with a
spectacle correction and both surfaces of the optics cylinder of the prosthesis
[8,9,12,19,24,39,45,50]. Designing such an optics cylinder we modulate the front and back
surface curvature of the cylinder and the aspect ratio defined by the length and diameter. The
diameter as an artificial aperture stop solely changes the amount of light entering the eye and
the visual field which can be realized, but the length and both radii affect the refraction status,

magnification properties as well as the visual field [39].

Beside some clinical cases, we setup a Monte-Carlo simulation, which shows the impact of the
effect sizes on ocular magnification. The most crucial issue is the selection of a proper dataset
for the Monte-Carlo simulation. This dataset should represent the typical clinical conditions.
That mean, that the distributions of all effect sizes as well as the interaction between effect
sizes should resample the real life situation. We used a large clinical dataset from a modern

optical biometer, where data of the corneal front surface (keratometry and optical coherence

35



DOI:10.14753/SE.2021.2503

tomography data), from the corneal back surface (only optical coherence tomography data) as
well as data on all distances in the eye are available. In this patient cohort, measurements were
performed prior to and after cataract surgery, and alongside to the preoperative and
postoperative biometry, we have data of subjective refraction (derived with trial glasses in a
trial frame). These data are properly reflecting the standard cataract population. For our
analysis of toric intraocular lenses, we restricted to those eyes where due to a moderate or high
corneal astigmatism, toric lenses have been implanted. For both Monte-Carlo simulations
(standard situation and toric lens implantation), we used an appropriate study population. In
contrast, for the study where we presented the application of our calculation strategy to the
change in overall and meridional magnification [36] due to corneorefractive surgery or to
analysis of the situation with keratoprostheses [39], the study population might be
inappropriate for a Monte-Carlo simulation. Corneorefractive surgery (e.g. LASIK) is typically
performed in a young study population, where the proportions of the eye — especially the
crystalline lens — are somehow different and we have a significant refraction error which
should be corrected by corneal ablation procedure. Therefore, we decided to extract those
patients from the dataset, where the mean refractive error is larger than 1.5 dpt or the refractive
cylinder is more than 1.5 dpt. But even though, this is a typical cataract population where due
to the growth of the crystalline lens, the anterior chamber is flattened and the lens thickness is
increased. Lens thickness was not used for this Monte-Carlo simulation, but as the axial
position of the aperture stop is defined at the front surface of the crystalline lens, there might be
a small inaccuracy as the principal ray through the centre of the aperture is slightly incorrect.
For the Monte-Carlo simulation on ocular magnification in situations of keratoprostheses
implantation the age and cataract related changes of aqueous depth and lens thickness does not
play a role as keratoprostheses are implanted in aphakic eyes. Therefore, we do not expect any

potential inaccuracy of our Monte-Carlo simulation model.

4.5. Our most relevant results

Overall, from our dataset of N=8998 clinical cases, we learn that mean ocular magnification is
0.0162700+0.0005215 with a 95% confidence interval ranging from 0.0153243 to 0.0173993.
That means that e.g. the retinal image size of an object with an angular field of 1 arc minute
(according to the opening of a Landolt ring for vision test with acuity of 1.0) is on average
4.733 um, which is about 2 diameters of a photoreceptor. After cataract surgery, retinal image
size is on average gained to 4.862 um, which is about 3% more than preoperatively. But for the

individual change in magnification we calculated a range (95% confidence interval) from-5.6%
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to 14.2%, which could have a strong impact on image fusion, summation or suppression in the

brain, if only 1 eye is treated.

In the phakic as well as in the pseudophakic eye axial length, mean corneal front and back
surface radius seem to have the most impact on ocular magnification, whereas aqueous depth,
lens thickness and spherical equivalent of refraction show a minor impact. Corneal thickness
seems to have no systematic impact, which is mostly due to the small variation of some 10
microns. From mathematics, variation in corneal thickness affects ocular magnification, but
this small effect is mostly dominated by other effect sizes with larger variations. In the
pseudophakic eye, the high performance of our prediction model is mostly due to the axial
length as predictor. Spherical equivalent after cataract surgery is typically small as clinicians
intend more or less plano refraction during lens power calculation [15,44], and therefore, in the
scatterplot in the lower left graph we observe some quantization effect as sphere and cylinder

are given in steps of quarter diopters.

If we deal with astigmatism in the eye, we have an overlay of overall and meridional ocular
magnification in the phakic as well as in the pseudophakic eye. This astigmatism in the optical
system is mostly due to the corneal shape and especially in the corneal front surface with a
large index step from air to cornea even small variation in curvature between meridians induces
some astigmatism. For that purpose, we extracted those eyes from our dataset where a toric
lens was implanted. Decades ago, ophthalmologists were more reluctant with indication for
toric lenses [15], but today indication for toric lenses starts already with a corneal astigmatism
of 1 diopter [35]. With implantation of multifocal lenses or additional lenses [38], correction of
corneal astigmatism could be even indicated with a small corneal cylinder of half a dioptre and
manufacturers of IOLs reacted on this trend and include a large toricity range for their IOLs. In
our dataset, the portion of toric lenses was relatively high with 12.4%. For this study
population, which received a toric lens implant, we analysed the ratio of the long to the short
axis of the ellipse at retinal plane, if a circle was imaged at object plane. Preoperatively, we
derived an image distortion due to astigmatism of 2.8% on average, with a range from 1.42%
to 5.43% (95% confidence interval). If both eyes are anisometric or if the orientation of the
magnification meridians is asymmetric, there might arise some problems of image fusion in the
brain, and stereopsis or binocular vision might be lost [31]. Postoperatively, image distortion is
much less and ranges between 0.06% and 1.16% (95% confidence interval). This reduction in
meridional aniseikonia is obvious, because the refractive correction of corneal astigmatism is
shifted from spectacle plane to lens plane, which is located much closer to the nodal point and

principal point of the eye. That means, if patients with corneal astigmatism indicated for
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cataract surgery show some image fusion problems, clinicians should think about a correction
with toric lenses instead of standard lenses and a postoperative correction of the residual
astigmatism with spectacles. The potential meridional magnification at baseline and the
estimated meridional magnification after cataract surgery with implantation of a standard lens
or a toric lens implant could be derived using our calculation strategy. From the scatterplots in
Figure 3.4 we learn that all distances in the eye such as axial length, central corneal thickness,
aqueous depth and lens thickness as well as mean corneal front and back surface curvature
have a negligible effect on meridional ocular magnification. In the phakic eye, corneal front
and back surface astigmatism as well as refractive cylinder show a large impact in meridional
magnification. Again in the pseudophakic eye, due to the small variation in meridional
magnification and residual refractive cylinder with toric lens implantation, the effect sizes
corneal front and back surface astigmatism as well as refractive cylinder show much less

predictability compared to the preoperative situation.

For analysing the impact of corneal surgery on overall and meridional magnification changes
of the eye, we restricted to a Monte-Carlo model focused on ‘simulated’ situations with
corneorefractive surgery (e.g. LASIK) and a plano target refraction to keep the simulation
model simple [36]. The change in corneal front surface curvature and the reduction in central
corneal thickness due to tissue ablation were derived from the preoperative corneal front
surface curvature, assuming that corneal back surface curvature keeps unchanged. From the
patient cohort we selected those cases with a sufficient mean ametropia or refractive cylinder,
where corneorefractive surgery procedure seems to be justified. The change in ocular
magnification means, that if a circle at object plane is imaged to the retina both for the
preoperative to the postoperative situation, we read out an elliptical image at image plane both
for the preoperative and the postoperative situation. In general, both ellipses are defined by the
long and short axes as well as the orientation, and what we calculated is the transform from the
preoperative to the postoperative ellipse using a principal component analysis [4]. This
transform again refers to an elliptical design, where we have a meridian with the lowest change
in magnification and an orthogonal meridian, where we have the highest change in ocular
magnification. In Table 3.7 we present descriptive statistics on the meridians with the
minimum and maximum change, the difference of both, as well as the average change in ocular
magnification. In general, the meridional change ranges in between -8.76% and 15.22% (95%
confidence interval), and the distortion due to surgery ranges in between 0.05% and 5.58%

(95% confidence interval). On average, we observed a loss in ocular magnification up to 7.88%
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(mostly hyperopic interventions) and a gain up to 13.69% (mostly myopic corrections)(95%

confidence interval).

For keratoprostheses, we extracted from our data axial length and subjective refraction in terms
of spherical equivalent and cylinder. As keratoprostheses are implanted in aphakic eyes
[19,45,50], the only optics on the pathway between object and image is the target refraction (in
terms of a spectacle correction) and the optics cylinder of the keratoprosthesis. The optics
cylinder was designed in a way that the entire optical system including spectacle refraction was
corrected to image an object at infinity sharply to the retina. As we have the option to split the
required refractive power into front and back surface of the optics cylinder and to spectacle
correction after surgery, we could aim for some target magnification. As we directly see from
Figure 3.8, the more fraction of refractive power is given to the front surface (and the less to
the back surface), the higher will be ocular magnification, but this gain of magnification is on
cost of field angle. The same situation is observed with the target refraction: the more plus
(patient will be hyperopic), the higher is ocular magnification, but on cost of field angle. The
optics diameter is independent of ocular magnification, and the larger the diameter (and the

shorter the optics cylinder,) the larger the field angle.

Overall, the multivariate linear models shown in this thesis could help to avoid complex
calculations of ocular magnification, using matrix algebra or vergence transformation,
especially in case of an astigmatic system. They could be used for the phakic eye or in the
pseudophakic eye to estimate the eikonic status of the patient at baseline, and they can be
utilized for an estimation of the situation after cataract surgery, with implantation of a standard
or toric lens, for estimation of change in ocular magnification after corneal (especially
corneorefractive) surgery, as well as for designing and customizing the shape of the optics
cylinder for keratoprostheses. From our point of view, such an estimate of magnification at
baseline and potential change due to surgery seems to be mandatory in the planning phase of

cataract surgery and corneal surgery to avoid eikonic [52] problems, postoperatively.

39



DOI:10.14753/SE.2021.2503

5. Conclusions

In conclusion, we developed a calculation scheme for analysis of overall and meridional
magnification of the eye. This calculation scheme is based in linear Gaussian optics and
considers rotationally symmetric optical systems as well as astigmatic systems with cylinder
axes at random. This algorithm has been applied to situations before and after cataract surgery
in standard situations, as well as with implantation of toric intraocular lenses, to situations
before and after corneal surgery, as well as to keratoprostheses. From a comparison of the left
to the right eye, we read out overall and meridional magnification disparities in terms of
aniseikonia for the preoperative and the postoperative situation. By comparing for both eyes,
the preoperative with the estimated postoperative situation, we read out data on gain or loss in
the overall or meridional magnification. The optics cylinder of keratoprostheses (Bostin I and
I type) could be designed with this calculation strategy in order to realize a specific
magnification, target refraction, and/or visual field angle. The applicability of this calculation
scheme has been shown with clinical examples as well as on a large study population before
and after cataract surgery. From this population we studied the potential effect sizes for overall
and meridional magnification, of magnification disparities, as well as changes due to surgery,

and we established multivariate linear prediction models in terms of a Monte-Carlo simulation.

We strongly recommend integrating assessment of eikonic evaluation at baseline and
estimation of postoperative eikonic situation into the routine preoperative cataract biometry

and intraocular lens power calculation procedure as well as in the planning of corneorefractive

surgery.
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6. Summary

In modern ophthalmology, the main goal is to reach the target refraction, to optimize visual
performance, and to avoid photic phenomena such as halos, glare, or starburst. Ocular
magnification disparities with their clinical consequences of deterioration of image fusion,

diplopia, binocular vision problems or rapid fatigue are almost overlooked in daily routine,

In this PhD thesis we addressed the impact of cataract surgery, corneal surgery, and
implantation of keratoprostheses on ocular magnification properties. Therefore, we developed
calculation strategies based on matrix optics (restricted to linear Gaussian optics in the paraxial
space) to describe overall and meridional ocular magnification. For stigmatic optical systems
we used 2x2 system matrices, and for astigmatic systems we described the optical system with
4x4 system matrices. Calculations are based on biometric and refraction data of the eye. Ocular
magnification (disparity) was analysed at baseline and — if postoperative data are available -
after surgery. For situations prior to ocular surgery, we developed mathematical methods to

predict the change in overall and meridional ocular magnification due to surgery.

The calculation strategies were applied to clinical examples to give some insight, how to
interpret the results. In addition, we applied our calculation schemes to a large dataset of
clinical data. We could find out that in a cataract population overall, ocular magnification
gained due to implantation of a standard replacement lens by 2.67£5.13% (-5.59 to 14.19%
(95% confidence interval). In a sub-population with implantation of a toric lens we found out
that meridional magnification disparity could be decreased from 2.75+1.03% (95% confidence
interval 1.42 to 5.43%) preoperatively to 0.42+0.29% (95% confidence interval 0.06 to 1.16%)
postoperatively. Due to ‘simulated’ corneorefractive surgery in a sub-population of our dataset
we noticed a change in overall magnification by 1.40+5.93% (95% confidence interval -7.88 to
13.68%) and a change in meridional magnification by 1.64+1.50% (95% confidence interval
0.06 to 5.58%). Applying our algorithms to keratoprosthesis surgery we found out that with
front and back surface curvature and aspect ratio of the optics cylinder, we could individually

modulate target refraction, magnification and visual field angle.

Assuming an overall tolerance level of 3 to 5% of overall or meridional magnification
disparity, a significant portion of cases in our dataset might be affected by fusion problems in
the interval between treatment of both eyes, or in case surgery in one eye only. Ocular
magnification evaluation at baseline as well as a sophisticated prediction of magnification

change should be performed to escape from avoidable problems of stereopsis.
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Abstract

Prrpoge: Too demomstrate a mrathernatical algorithm for caloulating the refractive
power of kermtnprostheses and to estimate vignetting effects,

Methods: A paraxial calcubation scheme based on vergence transformation is
developed for determination of the front surface radius or front surface refractive
power of 4 Boston type | or [1 keratoprosthesia based on the design data of the
manufacturer. A concept for derivation of lateral magnification (miio of image
size to slope of the incident ray) is presented based on 2 % 2 matrix representa-
tion of the eye. For atimation of vignetting effects, numerical ray trachng was
wsed and the maximum half feld angle and half leminance half ficld angle was
extracted.

Resufts: Simulation calculations were performed in MATLAB, The front sur-
fce radive or refractive power b5 given i explicit form as a function of axdal
length, targel refracrion, ss well as the principal design data of the keratopros-
thesiz such as posterior refractive power, length, or refractive index. With vari-
ation of the back surface radius it was shown that lateral magnification can he
medulated e to match the magaification of the feflow eye. The Boston type
1 does not restricy the field angle substantially, wherens type 11 shows signifi-
cant vignetting effects,

Conclision: We present o strategy on the caleulation of keratoprostheses and
variation of the design (e.g. back surface curvature) o help to avoid aniseikonia
in case of binocular vision (eg one phakic eye and ane with keratoprosthesis).
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Received. 26 Nevember 2012, Accepted: B
February 2013

Intreduction

The majority of patients suffering fram visual impairment
due to an opague cornea can be successfully tréated by cor-
neit] transplantation. For mare than 100 vears penetrating
keratoplasty has been established in clinical routine for the
treatmient of kerateconus, endothelial  decompensation,
coeneal sears, comenl dvstrophies or others.' Anterior
Inmellar 1echniques hiave been used in situations of chemi-
cal burn, supeficial sears or corneal dystrophics affecting
the anterior part of the comen In generl the optical ut-
catmi af anterior lamellar techniques is mited, During the
past two decades. posterior lamellar kerntoplast technigues
such a8 DSAEK ar DMEK have been proposed. Since then
the portion of non-pesetrating keratoplasty is rising doe 1o

promising optical resalis, fast rebobilitation and the lower
risk of infections,

Meverihebess, in situations of poor prognosis of keratopl-
asty due to chronic inflammations, one or more unswccess-
ful kerntoplistics, limbal stem cell insulficiencies or severe
chemical burn, where the success rote of kerntoplasty is
Iow, keratoprostheses may be the last chance th festore
funcrional vislon. Varous frms of devices have been
described for many years with varying degree of success’
Mast of these devices are designed with n central optic part
made of FMMA (polymethylmethacerlate) and include
hinlegieal haptic combinations using tiblz bone or recth
[osteo-odonto kﬂ‘nluphtr:.r}.“ The most used keratopros-
theses today are the Baston types | and 11; the Boston type |
keratoprosthesis consists of a twin plate collar hutton-style
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design that is used in eves that have sufficient tear fiuid
production o maintain weiling of the anterior susfsce of
the eve. Type 11 is of o similar design, with an additional
nsteslor eylinder that protrudes through the permanently
closed eyelid, which s preferred in severe forms of dry eye
syndrome.” Figure 1 shows the schematie Iavour of the two
Boston type keratoprostheses.

In contrast 10 keratoplasty surgery using tissue to reha-
hilitate the cornes, where the eve is often keft phakic to
facilitate remaining sccommodation, implantation of an
artificial keratbprosthesis should usually be performed in
the aphakic eye to avoid further surgery like cataract
extraction* Up 1o now, the design of the keratopros.
thesis optics is mostly lmited 1o a eylinder with a curved
anterior and & plane posterior surface, The curvature of
the anterior surface could be adapted to the biometric
properties of the patient, but todoy most surgeons use
standard designs,

The purpose of our study is (1) 10 show a simple strtegy
how o determing an appropriate optic design for kerato-
prostheses such as the Boston 1 and (1 by modulating the
anterior and posterior susface geometry for any torget
refraction, (2} to demonstrate the effect of vignetting for
different optie designs, and (3} to present how lateral
magnification of a {spectacls corrected] eve with kerato-
prosthesis could be caleubated e for estimation of anisei-
koniu effects.

Figure 1, Techuical drawing (el and 3D rendered moded (right} of
the Beston bype | (unper) and typo N {lower) keratoprosiheses. The
paramaters n the iechnigal deawang reler 1o the paramelers i Ihe
catlculation section of the maniscriot

Caleulating tha refractive power of keratoprostheses

DOI:10.14753/SE.2021.2503
Methods

Optical model and caleulation of surfoce medii of corvature
For a sinvple ealeulation, we employ linear optics { Gaussian
aptics) in 4 paraxial space.” The methods themselves are
not mew, they have been published in the context of intra-
ocular lens caldulation or spectacke correction, Also back
surface modification has been shown for correction of snis-
elkonia and anisometropia, In the present paper we
describe the adaptation to caleulation of keratoprostheses,
The vergence of @ ray bundle V', starting at 7 = o0 at the
front apex plane of a kemtoprostheds b glven by the
vergence transformation equation'”

LR

where Py denotés the target refraction | postoperatively
intended refraction), VD' the verten distance {distance
between the front apex of the keratoprosihesis and the
spectacle correction) and o | the portion of the keratopros-
thesis which extends the cormen anteriorly and ne = 1(VD
- di =), Py and VD are given In ase of a slightly
ametropic farget refeaction o enhance reading ability as it
is usually done in cataract surgery.

The vergence V; " behind the front apex plane of a kerato-
prosthesis is given by

1-’: ¥ =—*ﬁ {zr
T *

whiere AL is the axial length of the aphakic eve, d; the por-
tion of the keratoprosthesis behind the anterior corneal
plane, PK; the refractive power of the posterior surface of
the keratoprosthesis, and [ me the refractive indices of
witreows / the keratoprosthesis aptics.

The vergence deficit V-V, has to be ohtained by the
refraction of the anterior surfoce of the keratoprosthesis
PK;

K =

: = : (3
s R (D-A)
o7 expressed in redius of curvature

Ag—1

where HK, and RK; refer to the radius of curvature of the
anterior and posterior surface of the keratoprosthesis,
respectively,

R =

[4)
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Caloulating the refractive power of keratoprostheses

Lateral mognification and optical field angle

The entire aptical system from spectacle plane to focal
plane can be represented witha 2 2 systern matri § con-
alsting of a product of translation and refraction matrices'':

oo 5] o 7T [ake 1)
Lo ) lwla 1]l

(5)

The lower lefi element of the system matrix describes the
lateral magnification M as 4 proportion of the image size at
focal plane to the slope of the incident ray."" Afler mult-
phyirg oll the matrices in squation 5 together, M reads;

Y =."|L—ﬂz+n‘| +d‘zuPK:-

A Langeriuches ot 5l
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Results

Figure 3 shows the radius of curvature of the front surface
of the Boston tvpe [ (Fipere 3 al) and Boston type 11
{ Figire 3 c) kerstoprosthesis as o function of axial length
for five different target refractions. The upper graph shows
the data for 2 plano (0 1) back surface of the keratopros-
thesis, which has been established as o standard, and the
lower graph shows the situation for a 200 D back surface,
Figure 4 provides the Interal magnification of the specta-
cle corrected eye after implantation of a Beston type |
{Figure 4 a.b} and Boston type [T (Figure 4 ¢d) keratopros-
thesis a4 a function of axial length for five different tasget
refractions. The upper graph shows the data for a plano
{0 13 back surface of the keratoprosthesss, and the lower
graph shows the situation for a 2000 [} back surface. In each

AL—did

ny i My

+

+ (VD= n"l[PKn(PJG-AL i dy +

The equations 1o caleulate the magnification of a phakic
ar pseudophakic fellow eye for estimating aniscikonia are
given in the Appendix 5t.

For estimation of vignetting effects, paraial ray tracing
is only an estimale as vignetting ussally is accompanied
with lnrge angles of incidence. For demonstration of the
principal effect of the aptical field angle and vignetting of
the incident ray, the graphical interface of a professiomal
aptical destn software (OSLO Premium 6.6, www lamd-
ares.com) wits uséd. Numerical calculation was performed
in MATLABR {(Release 7.11.1, www.mathworks.co,uk/prod-
ucts/matlaby), For both types of Boston keratoprostheses
{types | and 11}, the power or radius of the front surface
wag deterimined using a vergence transformation as a func-
tion of axial length for five different target refractions
{=d.0, =1.0, plano, 2.0} and 4.0 D) at spectacle plane and
for o plano and 2000 D back surface of the keratoprosthe-
sis. Both types of keratoprostheses were modelled with the
data provided in Table |, Figure 2 shows the vignetting
effect in principle for the Hoston | and Boston 11 kerato-
prostheses for three different angles of the incident ravs

e

_M.-rh_d,-:—d,) (] o AL d)] (6]
= 1

Hy g

My

subplot the lateral magnification phakic model éve {hased
ont Gullstrand’s schematic eye with vanation of the axial
length'"} with spectacle comection for emmetropis is pdded
a5 reterence. This graph implics that lateral magnification
can be matched within limits to the respective magnifica-
tion of the fellow eye by modulating the back surface of the
keratoprosthess,

Figure 5a displays the maximum ficld angle of the eye
afier implantation of a Beston type 1 and Boston type 11
keratoprosthesis caloulated for emmetropia ds o function of
axfal length for a plano and 2000 D back surface, This graph

Tabbe 1. Speciiication of the opilcal mocst for regresentation of the
Besion type | and Il ieratcprostheses

Ditanges inmm Axial length

H1.5-26:510.01 stegm)

diii2Adla Bostod | Q320010
diiddidda Boston ) 2rreono
Vierten distance {FE)
Dameters inmm  Frantaplics 10
Cylindrical part 33

Trroad mnee caciiener 1.8

for a ray angle of 0° (rays plotted in green) all rays passing Rolractive Anterior yurfsce ol Cusiomnad

through the front part of the clinder are alin passing BARAD P:::':m;h'“ﬁ FrT

through the thread, for the my angle ploted in hlue l!-'a:;-r’:nx; 07 20.
approximately half of the rays passing through the from Taigwl efiaction at ~ —40/-20/2.0/20/480
part of the cylinder are not passing through the thread spectacte plare

indicating half luminance condition at the retina, and for Fofracive indices  Vieheous f bgueain 1338

the ray plotied in red only (he cxireme ray I passing =355 nmi unour

through the thresd indicating twital vignetting or the mai- Keraoprrisiusiy 14813

mwem half field angle, 't optics (PMMAY
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Figure L. Schematc drvwrg of the eflect of wgneturg far lhe Bosian
e 1 bupprer) and type Il losvert kevatoprosiheses: The gresn fay bundle
refers to the onvaxn condiion, the biue busdle to the hall luminance
halff figld angle, and the red ray 1o the maskimum kel field angle. The
appnaimale posilon of 1he s drswn wah dashed lings

proods that the Boston type | keratoprosthesis yields a full
field of view, whereas the field of view is significantly
resiricted by the Boston type Il In combination with the
Boston | and a back surface power of 2000 D, the maximum
field angle is larger than 90° for all axial kength and not
plotted in the graph. Figure 5h shows the feld anghe with
halfl luminance for the eve after implaniation of o Hoston
iype | and Boston type 1 keratoprosthess caleulated for
emmetropia a5 a function of axial length for a plano and
200 D back surfocr. Again, the Boston 1 restricts the field
of view significantly and causes severe vignetting of the
viewing field,

Discussion

In the kst few decades, keratoprostheses have become moare
and mare popular in non-standard situations of patlents
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ﬂng penetrating Tasty, with a high risk for groft
repc:mn Such conditions hn-e 2 history of o of more
unsuccessful keratoplasties, stem cell deficiency, or fmmu-
nologic problems."* * Mure than 6000 Implanuations of
Bostnn keratoprostheses were reported by the Massachu-
setts Eye and Ear Infirmary between 2002 and autumn
201" Usually, implantation of a keratoprosthesis is taken
a3 ultimate ratio for monocular patients with bad progoo-
sif. However, implantation could also be performed 1o
restoue busic binoculur vision. Pineles of al reported
promising binocular tesuls in patients with unilatesal
implantation of Boston type [ keratoprosthesee ™ In the
hypothetical case that the keratoprosthesis is used o restore
hinocular vision (¢.g. remaining healthy phakic eye and one
with severe injury), the magnification difference |aniseiko-
nia} of both eyes must been taken into account. There are
same types of keratoprostheses avaitable on the market, and
the Boston type keraloprostheses are the most common
ones according to many years” reported clinical experi-
erce ™ Ta our knowledge, no formulae have been

published in the lierature on the calculation of keratopros-
theses, unlike that which has been available for intraocular
lenses, In Accordance o intraocular lens calculation formu-
fae, which have been proven o vield cinically sufficient
results with paraxial stmplifications, we intended 1o provide
a simple mathematical formula for calculation of the front
surface curvature or front surface power based on the
parameters known for 101 ealculation, These are axial
length, the general design data including the refractive
index of the optics materinl, the back surface design, por-
tion of the keratoprosthesis in front of corneal plane, as well
as target refraction and back vertex distance of the speclacle
correction. This formula is rather simple, as for the Boston
keratoprosthesis of type 1 and [ the crvstalline lens usuully
has to be removed. Several studies, however, showed thar it
is possible to implant o Keratoprosthesis in o phakic eye
Diue to the massvee medical substitution, the occurrence of
cataract is very likely, therefore most surgenns suggest a lenis
extraction for irriplantation of a keratoprosthesis." ®

The second tusk was (o show how lateral mngnification
of an aphakic eye with a Boston like kertoprosthesis can
be derived using Gaussian optics. If representing the optical
system witha 2 w0 2 system matrix from the spectacle cor-
rection to the focal plane (retinal plane), lateral magnifica-
tion can be calculated from the system matrix. In our
metric this is expressed by the lower left element. Typically,
Interal magnification of the eye is provided as 8 rtio of the
image toy angle tmes refractive index to the incident ray
angle. If lateral magnification is required for near distance
objectd, it ks expressed as the ratio of image size to object
siee.

Orptical elements with a high aspect ratio {mtio of xial
size to diameter] are known (o couse vignetting of the field,
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{a) Front surface curvatume in mm
(Bostan |, back surface: plano)
11
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(b  Front surfoce curvature in mm
(Boston |, back surlace: 20.0 O)

10.5

Agial length in mm

(e} Front surfece curvatura in mm
{Bostan I, back surface: planc)
12

20 22 24 26 28 20 e 24 26 28

Aoial length in mem

{d)  Front surface curvature in mm
(Boston I, back surface: 20.0 D)

i1

0

20 22 4 26 28 20 = 24 26 28

Buial larg th in mm

Aoxinl lgnggh in mm

Figure 3, Frong surtace sadus of ihe Boslon keratopreshess for & plno back surface Oefth and 2 20,0 [ back surface powes (rightl. The radi are
pottad as a function of axal length for five target relractions. —4.0 B = plossolid, —2.0 O = green/dash-dal, plana = redidotied, 2.0 O = cpand

daafied. .0 O ~ punple/iciid ta, b Bottan fype | Beatoproshesis, (c, db;

Thay means that the luminance is decaying from the centre
fo the periphery, impairing the patient with inhomoge-
neous brightness over the feld of view and a deteriorated
recognition of objects i the periphery. As the effect of feld
of view s typically sssociated with larger angles, simplifica-
tinns of paraxial optics are only an approxmation and rays
have to be traced through the eve using the Soellius law
and incloding side effects such as Fresnel reflection, In
additinn to analysing the eye model graphically in a profies.
slonal my tracing software (OSLO) we implemented such o
ray tracing alporithm in MATLAB 1o estimite the effect of
vignetting of the feld of view. We caleulated the maximum

Boston Type I keatoprosthess)

angle of the field of view, which refers to the situation
where only n marginal ray is passing through the optical
system, as well as the half luminance feld angle, where 50%
of the rays sre passing through the aptical system, which is
known to ke the limit for comivriable vision. For the Bos-
ton type [ keratoprosthesis, the vignetting effects are uncrit-
ical and the maximum half feld angle for 2 back surface of
200 [ and the plano back surface of the keratoprosthesis
exceed 85°, For the Boston [) vignetting of the field of view
is an issug, and the maximom balf field angle was deter-
mined to he between 457 and 55° depending on the curva-
ture of the front surfsce of the kernioprosthesis, which i
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{a) Latoral magnifiestion
{Boston |, back surface: plano)
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magnification
[Baston |, back surlace: 20.0 B}
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{e) Lateral magnification L] Latersl magnification
(Boston Il, back surtace: plana) {Bosten I, back surface: 20.0 D)
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Figure 4. Lateral magnificatian fratic of image sire o dlope of the incioent ray) of the eye with 2 Soston esransprosthesis for 4 plana back surlaee
fupaer] & § 20.0 D back. wuiate power (owerl. Lateral mageaficasans ar plotied as a furction ol asis length for five tanget reractany
~40 D = bue'solid, -2.0 D = green/dasheit, plann = redtdotied, 2.0 0 = oanidashed, 4.0 0 = purpiessld, Far referenge, the anersd magnifca:
tian of & pectacie copciad 3 surfare Gulstrand-Emaley schomatic modke eye = deplaved [dadudotied |ine) with varistions of suial lengih beegng all
aifir parameters constant (a, b Boston type | beratoprositests, (o, dY Boston tyoe I keratoprostiess),

determined by the axial length of the eve, and the curvature
of the back surface. The half field angle for the half lumi-
nance condition with the Boston type 11 ranges in between
0" and 25°, which nareows the field of view visibly for the
paticnt.

Cnr results show, that the power and radiu of curvature
enn be exphicitly caleslated with o formula from the bio-
metric data of the eve, the design datn of the kertoprosthe-
sit, and the target refraction. Up 1o now, the design of both
types of Boston keratoprostheses have a plane back surface,
which does not allow for matching the Eieral magnification

of the eye 1o the fellow eve and therefore could ciuse anisei-
konia. We showed in our results that by changing the back
surface of the keratoprosthesls eg to a 200 D convex
design. the lateral magnification could be reduced signifi-
cantly (Fegarrex 4o sond b, lower hall) w o value, which is
similar to the [ateral magnification of the Fellow eye to
avaid diplopis or headaches as a consequence of anisciko-
nia. |Fwe restrict toa predefined design of the kematopros-
thesis including back surface power (e.g. plano), no explicit
calculation of the front surface radius is required and the
curviture could be directly extracted from the plots shown
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{m} Maximum half fleld angle (total vignetting) in
Bl v

ERAEE Lk :
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Axial fangth in mm
(b} Hall lumi G .
&0 inar
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..--4-"
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20 = - X |
Axiad lorgth in mm

Figure 5, () Magimum field angie (indicating total Wgrattng, ubpes
graphl and (k) hall lurmance fieid angle (0% of rays sateving the
lermiogrosthesis ane passing throwgh the &l pupd, lower graph for
Soston fypg keratoprostheses | and 1l for plano refraction as 3 function
of asisl length. Bestan type | with plenn back surface = blusfcash-dol,
Bodlon lype | with 2000 O back surlace=gresnvoalied, Bosion Lype 1|
with plang back wurface = redidashed, Boston tyoe Il with 20.0 D back
mirface = cyandsolid. The maxintom ball engle for the Bowen | with
00 D back surface m nat duplayed becauns the valies enceed 50

in Figires 30 ol b, If the general design is changed, the
caleulntion formula given in equations three or four could
b wied,

The provaded metric allows the ophthalmologist 1o cal-
culate the optical parameters for different kinds of kerato-
prositieses. These could be used for Toston type
keratoprostheses and others which may be manufacoured
by third party manufacturess. Similar to the procedure with
toric intrascular lenses the ophihalmalogist can eross check
the optical parameters suggested by the prosthesis monu-
facturer or optimise its’ design to adjust magnification to
the fellow eye. This may help to improve the outcome of
visual rehabilitation with keratoprostheses,

In conclusion, o our knowledge, there is no study pub-
tished abouwt caleulation of the refractive power of kerato-
prostheses. This study provides & simple  caleulation
methedology for determining the front surface curvature
of Boston type keratoprostheses and shows formuolae 1o
estimate latefal magnification. Estimation of the maxi-
mum ficdd angle or hail luminance ficld angle is more
complex and requires numerical ray tracing, therefore we
restricted it to a graphical presentation of the data. The
calculstion scheme will be implemented into a web appli-
cation which will be available soon free of charge for
scientific purposes.
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Supporting Information

Additional Supparting Information may he found in the
online version of this article:

Appendix 51. Formulee for caleulating a phakic or pseu-

dophakic fellow eye.
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Ubersicht

Anisometropie und Aniseikonie - ungel6ste Probleme
der Kataraktchirurgie
Anisometropia and Aniseikonia — Unsolved Problems of Cataract Surgery

" Institut fir Medizinische Physik, Universitat Erlangen-Niirnberg

2 Augenklinik mit Poliklinik, Semmelweis Universitat Budapest

Zusammenfassung

v

Hintergrund und Zielsetzung: Aniseikonie ist
eines der wichtigen bisher ungel6sten Probleme
der modernen Kataraktchirurgie. Es zeichnet ver-
antwortlich fiir eingeschranktes Binokularsehen,
Doppelbilder oder Kopfschmerzen. Ziel der vor-
liegenden Arbeit ist, dem Kliniker ein Verfahren
an die Hand zu geben, mit dem der Abbildungs-
malf3stab abgeschdtzt werden kann und Méglich-
keiten aufgezeigt werden, wie bei der Katarakt-
chirurgie der AbbildungsmaRstab gezielt variiert
werden kann.

Methoden: Auf der Basis eines zentrierten opti-
schen Systems im paraxialen Raum wird das op-
tische System Auge mit 2 x 2 Matrizen modelliert
und der Abbildungsmafstab extrahiert. Die Me-
thodik wird auf das Modell einer ,diinnen Linse*
sowie das Modell einer ,,dicken Linse* angewandt
und die Anwendung in Beispielen detailliert er-
ldutert. Weiter wird aufgezeigt, wie durch eine
geeignete Kombination aus Kunstlinse und Bril-
lenkorrektur ein vorgegebener AbbildungsmaR-
stab realisiert werden kann.

Ergebnisse: In Beispiel 1 wird der Abbildungs-
mafRstab fiir ein bereits kataraktoperiertes Refe-
renzauge ermittelt. Beispiel 2 schdtzt ab, welcher
Abbildungsmaf3stab nach Kataraktoperation am
OP-Auge zu erwarten ist, wenn der gleiche Lin-
sentyp implantiert wird. Beispiel 3 soll eine
Ubersicht geben, wie der Abbildungsmafstab va-
riiert, wenn die Linsenposition, die Geometrie
oder die Dicke der Linse moduliert wird. Beispiel
4 zeigt auf, wie eine Kombination einer Kunstlin-
se und einer Brillenkorrektur fiir eine eikonische
Abbildung berechnet wird.

Schlussfolgerung: Die Studie soll den Ophthal-
mochirurgen sensibilisieren fiir die Problematik
der Aniseikonie nach Kataraktoperationen und
ein mathematisches Werkzeug an die Hand geben,
wie mit einfachen Mitteln AbbildungsmaRstdbe

Abstract

v

Background and Purpose: Aniseikonia is one of
the relevant unsolved problems of modern catar-
act surgery and may cause severe functional
problems such as deteriorated binocular vision,
diplopia or headaches. The aim of the present
study is to assist the clinician as to how to esti-
mate lateral magnification in a pseudophakic
eye and how to reduce or eliminate aniseikonia.
Methods: Based on the characterisation of a
centred optical system in the paraxial space, the
optical system eye is modelled with 2 x 2 matri-
ces and the lateral magnification is extracted.
This method is applied on the “thin lens model”
as well as the “thick lens model” and illustrated
in detail with 4 working examples. Additionally,
we demonstrate how a predefined lateral magni-
fication (e.g., from the contralateral eye) can be
realised during cataract surgery by calculating
an appropriate combination of an IOL and a spec-
tacle correction.

Working Examples: In example 1 the lateral
magnification of the reference eye following cat-
aract surgery is determined. In example 2 we es-
timate the lateral magnification behaviour that is
expected after cataract surgery using the same
IOL as in example 1. Example 3 gives an overview
of how the magnification varies if the IOL posi-
tion in the eye, the geometry of the lens or the
central thickness is changed. Example 4 shows
how to calculate an appropriate combination of
an IOL and spectacle correction to realise an eiko-
nic imaging of both eyes.

Conclusion: The present study should sensitise
ophthalmic surgeons for the still unsolved prob-
lem of aniseikonia after cataract surgery and
should give them a simple mathematical tool to
help determine object-image magnification and
show how to reduce or eliminate aniseikonia
during cataract surgery.

Langenbucher A, Szentmary N. Anisometropie und Aniseikonie... Klin Monatsbl Augenheilkd 2008; 225: 763 -769
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abgeschatzt werden kénnen und wie man bei der Kataraktchirur-
gie gezielt Aniseikonie reduzieren und eliminieren kann.

Hintergrund und Zielsetzung

v

Nach der klassischen Definition ist Aniseikonie ein binokularer
Refraktionsstatus, bei dem der retinale laterale Abbildungsmaf3-
stab der beiden Augen voneinander abweicht [10]. Dies meint
nicht zwangsldufig, dass der globale AbbildungsmaRstab beider
Augen unterschiedlich ist (,globale Aniseikonie*), sondern kann
auch durch einen unterschiedlichen meridionalen Abbildungs-
mafstab aufgrund astigmatischer Grenzflichen im Auge verur-
sacht sein (,meridionale Aniseikonie“). Weiter unterscheidet
man zwischen der statischen und der dynamischen Aniseikonie.
Im Falle der statischen Aniseikonie liegen fiir verschiedene Blick-
richtungen konstante, aber unterschiedliche AbbildungsmaRsta-
be bei beiden Augen vor, wohingegen man bei der dynamischen
Aniseikonie auch von der induzierten Anisophorie spricht. Hier
treten fiir unterschiedliche Blickrichtungen aufgrund eines pris-
matischen Effekts unterschiedliche laterale AbbildungsmaRstdbe
auf, da der Patient z.B. durch unterschiedliche Areale von 2 (ani-
sometrischen) refraktionskorrigierenden Brillengldsern blickt.
Die Inzidenz der Aniseikonie ist in der Klinik oft unterschdtzt, da
die Symptome meist nicht unmittelbar in Erscheinung treten oder
direkt fassbar sind. Neben der nicht zu vernachldssigenden Grup-
pe an Patienten im Alter {iber 20 Jahren mit einer Prdvalenz der
Aniseikonie von bis zu 10% aufgrund einer Anisometropie grofer
als 1 Dioptrie unterliegen speziell Patienten nach einer Katarakt-
operation oder einem refraktiv-chirurgischen Eingriff dem Risiko
einer Aniseikonie. Kramer [10] bestdtigte, dass rund 40% aller Pa-
tienten, die sich einer Kataraktoperation mit Implantation einer
Kunstlinse unterzogen hatten, mehr oder weniger an einer Anisei-
konie leiden. Schon aufgrund dieser beachtlichen Hdufigkeit sollte
das Problem der Aniseikonie in diesem Zusammenhang einge-
hend erdrtert und in das Geddchtnis der Ophthalmochirurgen ge-
rufen werden.

Die Sensitivitdt gegeniiber Aniseikonie ist in der Bevolkerung
individuell unterschiedlich: Wdhrend manche Patienten be-
reits den Ausgleich eines BildgréBenunterschiedes von 1%
zwischen beiden Augen als hilfreich empfinden ist das sub-
jektive Empfinden anderer Patienten bei 3% BildgrofSenunter-
schied nicht im mindesten beeintrdchtigt. Anders als bei der
globalen Aniseikonie liegen fiir die Akzeptanz bzw. Toleranz
der meridionalen Aniseikonie keine Literaturwerte vor. So ist
fiir manche Patienten beschrieben, dass der Ausgleich der
globalen Aniseikonie ausreicht und meridionale Bildgrofen-
unterschiede bis zu einem bestimmten Grad toleriert werden,
wohingegen an anderer Stelle behauptet wird, dass gerade
die meridionale Aniseikonie mit der Folge von Bildverzerrun-
gen verantwortlich zeichnet fiir Kopfschmerzen und astheno-
pische Beschwerden [13].

Das klassische Verfahren der Aniseikoniekorrektur ist die Ver-
wendung eikonischer Brillengldser. So kann die individuelle Bril-
lenvergrofBerung eines Brillenglases variiert werden durch die
Basiskurve, die zentrale Dicke, den Brechungsindex des Materi-
als sowie den Hornhautscheitelabstand. Fiir Patienten nach Ka-
taraktextraktion mit Hinterkammerlinsenimplantation konnte
als logische Antwort auf Aniseikonie in einer fritheren Studie be-
reits gezeigt werden, wie mit bitorischen eikonischen Intraoku-
larlinsen, bei denen die zentrale Dicke, der Brechungsindex so-
wie die beiden Sphdren und Zylinderwerte (mit Orientierung

des Zylinders) der Linsenvorder- und Riickfldche justiert werden
miissen, um eine eikonische Abbildung des Patienten (im Sinne
einer Korrektur der globalen und meridionalen Aniseikonie) zu
erzielen [12]. Allerdings ist die Herstellung und Berechnung der-
artiger individueller Linsenimplantate derzeit noch eine Heraus-
forderung der innovativen Medizintechnikfirmen.

Das Ziel der vorliegenden Studie ist, ein Berechnungsmodell vor-
zustellen wie anhand der biometrischen Daten des phaken Auges
prdoperativ der AbbildungsmaRstab eines pseudophaken Auges
postoperativ fiir eine beliebige Zielrefraktion auf der Basis der
paraxialen Optik abgeschdtzt werden kann und wie gezielt der
AbbildungsmaRstab des Operationsauges auf die Gegebenheiten
des Partnerauges angepasst werden kann. Falls vom Linsenher-
steller ausschlieRlich die geschdtzte Linsenposition (in Form ei-
ner ACD-Konstante) vorliegt, wird das Modell einer ,diinnen Lin-
se* angesetzt, falls umfangreichere geometrische Daten vorliegen
(geschitzte Linsenposition, Mittendicke, Brechungsindex und die
Kriimmung der Vorder- und Riickfliche) kann das Modell einer
»dicken Linse“ angesetzt werden. Die meridionale Aniseikonie
wird hierbei ausgeklammert und in einer separaten Arbeit adres-
siert werden.

Material und Methoden

v

Refraktions- und Translationsmatrizen sowie die
Systemmatrix

Geht man von einem zentrierten optischen System aus, bei
dem sphdrische optische Grenzflichen homogene optische Me-
dien trennen, so konnen die optischen Grenzflachen bzw. die
Zwischenrdume zwischen den Grenzflichen durch 2 x 2 Refrak-
tionsmatrizen R bzw. Translationsmatrizen T beschrieben wer-
den mit

1 -P

RZ{O 1

-l

n

M

L

wobei P der Flichenbrechkraft in Dioptrien, d dem geometri-
schen Abstand zwischen den Grenzflichen und n dem Bre-
chungsindex des (homogenen) optischen Mediums entspricht
[11, 20].

Das gesamte optische System fiir eine alternierende Anord-
nung von refraktiven Grenzflichen und optischen Zwischen-
rdumen beginnend von links nach rechts mit der Indizierung
1..m ist charakterisiert durch eine Systemmatrix S, die aus
dem Produkt der zugehorigen Refraktions- und Translations-
matrizen gebildet wird:

S =R XT 1 ¥Ry XT 5 X X RyxTy ;xR 2)

Diese Systemmatrix beschreibt nun, wie ein Strahl einfallend an
der Grenzfliche 1 (von links) charakterisiert durch die Strahl-
hohe y, und den Einfallwinkel a, auf den Ausgang des Systems
(Grenzfliche m, nach rechts) in eine Strahlhéhe y und einen
Ausfallwinkel a tibertragen wird.

Qo

[)-s
y Yo

Umgekehrt wird ein Strahl charakterisiert durch die Strahlhdhe
Vo und den Einfallwinkel a,, der von rechts auf das System trifft,

. (3)
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auf einen Strahl charakterisiert durch die Strahlhéhe y und den
Einfallwinkel a (Grenzfldche 1, nach links) tibersetzt durch

[‘y‘]:s &[‘;‘E ) 4

Beschreibung eines pseudophaken Auges durch Matri-
zen, Abbildungsmaf3stab

Das optische System ,pseudophakes Auge“ in der einfachsten
Form ist charakterisiert durch eine einflichige Brillenkorrektur
(bei Emmetropie identisch null), einflachige Hornhaut, die Vor-
derkammer des Auges, eine diinne (einflachige) Kunstlinse so-
wie den Glaskorper. Die zugehdrige Systemmatrix S beschreibt
sich demnach zu

S =Ty xR XTyX Ry xTy xRy (5)

wobei Ty der (pseudophaken) Glaskorperstrecke entspricht, Rig.
der Kunstlinse, Ty der (pseudophaken) Vorderkammertiefe, Ryy
der Hornhaut, T; dem Hornhautscheitelabstand und Rz dem Re-
fraktionsausgleich auf Brillenebene.

Sofern die Position der Kunstlinse im Auge als bekannt vo-
rausgesetzt werden kann (z.B. ACD-Konstanten, ,lens haptic
plane concept” [15, 16, 18, 19]), so sind die Matrizen Ty, Ty,
Ryy und Ty bekannt, wohingegen im einfachsten Fall die Ma-
trizen R, und Ry oder genauer deren Elemente P verwendet
werden, um den Abbildungsmafstab zu justieren. Selbstver-
standlich kénnen auch {ber spezielle Designs der Kunstlinse
(z.B. unterschiedliche ACD-Konstanten) oder der Brillenfas-
sung (anderer Hornhautscheitelabstand) die Werte der Matri-
zen Ty, Tyg und Ty verdndert werden.

Der retinale Abbildungsmaf3stab ist definiert als das Verhalt-
nis der lateralen Ausdehnung des Netzhautbildes y zum Win-
kel a, des zugehorigen Objektes (unter dem es wahrgenom-
men wird), das im Unendlichen lokalisiert ist. Fiir den Fall,
dass das optische System refraktiv korrigiert ist (d.h. die Bril-
le die Fehlsichtigkeit des Auges ausgleicht), ist das Matrixele-
ment (2,2) der Systemmatrix identisch null (d.h. ein parallel
zur Achse einfallendes Strahlbiindel wird stets auf die Netz-
haut fokussiert) und der laterale AbbildungsmaRstab M ldsst
sich unmittelbar aus dem Matrixelement (2,1) aus der Sys-
temmatrix ablesen:

o)l

Yo
Geht man davon aus, dass der Abbildungsmaf3stab ausschlief3-
lich durch Verdanderung der Brechkréfte der Kunstlinse und der
Brillenrefraktion an den Referenzwert des Partnerauges ange-
passt werden soll, so kann mit der Definition eines Subsystems
Sa

S, = T, xR, xT 1= Puds 0 @)
= X X =
A VK HH B VK (1—PHHdB) + dB _I

_ S S
Sa1 S22

VK

die Systemmatrix S vereinfachend geschrieben werden als

1 0
s—|d, Xr *Pu)LX S 512] Xl1 *PB] _

oMo Sy Sunl (001

1v —P ®
—|d K:j" Su S |1 7PB]
=|dy v X

n—v 7PIOL><n—v+1 Sy Sxull 101

Multipliziert man die Beziehung (8) aus, so resultieren die bei-
den Elemente der zweiten Zeile der Systemmatrix zu

v v
+1)521 n <7PBS11+S12)7L
\ v %

d,
+ (*Plotxn_Jr T =Pysy +55)
v

ny bzw. nyx bezeichnen hier den Brechungsindex von Glaskérper
und Kammerwasser und Pyy, Pio; bzw. P die Flichenbrechkrifte
der Hornhaut, der diinnen Kunstlinse bzw. der Brillenkorrektur
und dyk bzw. d die pseudophake Vorderkammertiefe bzw. den
Hornhautscheitelabstand.

Aus Beziehung (9) erkennt man unmittelbar, dass in den reti-
nalen AbbildungsmaRstab M (Element (2,1) der Matrix S) die
Brillenrefraktion nicht einfliet, wenn das Brillenglas als ,,diin-
ne Linse* angenommen wird.

Somit ist die Bestimmung der Brechkraft der Kunstlinse und der
Brillenkorrektur entkoppelt: In einem ersten Schritt wird der
AbbildungsmaRstab M an den AbbildungsmafRstab des Partner-
auges angepasst, indem eine geeignete Brechkraft fiir die Kunst-
linse bestimmt wird:

d, d,
M = n_vsn + (*ROLXn_V+ 1)sy
dy
n, M- rTV S1q . (10)
o= — [1-
o= g S

Im zweiten Schritt wird nun unter Verwendung der mit Glei-
chung (10) bestimmten Kunstlinse eine geeignete Brillenkorrek-
tur derart bestimmt, dass das gesamte optische System refraktiv
auskorrigiert ist (d.h. das Element (2,2) der Systemmatrix iden-
tisch null ist):

d d
—L (=P 5194 51, )+ (P Xn_v +1)(—Pg 55 +55,) =0

Ny v
d d
PIOL 7\/52277\/5127522 . (11>
P — Ny Ny
8 d d
PIOL 7\/5217#5117521
v v
Beispiele

Bei den hier vorgestellten Beispielen gehen wir davon aus, dass
ein Auge (Referenzauge) bereits einer Kataraktoperation unter-
zogen wurde und von diesem Auge die biometrischen Daten
(© Tab. 1) sowie die Position und die Stirke der implantierten
Linse bekannt sind. Vom Operationsauge sind ausschlielich
die biometrischen Daten bekannt. Es soll nun eine Kunstlinse
in Kombination mit einer Brillenkorrektur derart ausgewdahlt
werden, dass der AbbildungsmaRstab des Referenzauges nach-
gebildet wird und das gesamte optische System inklusive Bril-
lenkorrektur refraktiv auskorrigiert ist.

Beispiel 1: Berechnung des AbbildungsmaRstabs des Refe-
renzauges

Implantiert wurde eine Kunstlinse mit der nominellen Brech-
kraft von 19,5 D. Gegeniibergestellt werden hier die Ergebnis-
se des Ansatzes auf der Basis eines ,Modells der diinnen Lin-
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Tab.1 Spalte 2 und 3: Biometrische GréRen des pseudophaken Referenzauges zusammen mit der Position, des Brechungsindex, der Aquivalentbrechkraft
sowie den Flachenbrechkréften der Kunstlinse. Spalte 3: Angabe der biometrischen Daten fiir das OP-Auge, bei dem die Kunstlinse sowie die Brillenrefraktion

verwendet wird, um den AbbildungsmaRstab des Referenzauges nachzubilden.

Referenzauge (pseudophak)

»diinne Linse*

Achsldange inmm 24,2
phake Linsenposition in mm /
phake Linsendicke in mm /
pseudophake Linsenposition in mm 5,20
pseudophake Linsendicke in mm 0,00
Vorderflachenbrechkraft der IOL in D /
Rickflachenbrechkraft der IOLin D /
Aquivalentbrechkraft der 10Lin D 19,50
Brechungsindex der 10L /
Hornhautbrechkraft Py in D 43,50
Refraktion auf Brillenebene (HSA 14 mm) in D -1,00

se“, bei dem die Kunstlinse als ideal diinne einfldchige Linse
angenommen wurde sowie des ,Modells einer dicken Linse*,
bei dem davon ausgegangen wurde, dass die Kunstlinse iden-
tische Flachenbrechkrifte der Vorder- und Riickflache aufweist
(equibikonvex). Damit ldsst sich unmittelbar der Abbildungs-
maRstab M fiir dieses Auge aus der Systemmatrix S ableiten.
Setzt man fiir den Fall der diinnen Linse die Refraktionsmatrizen
fiir die Brillenrefraktion und Hornhaut sowie die Transla-
tionsmatrizen fiir den Hornhautscheitelabstand, die pseudo-
phake Vorderkammer und den Glaskérperraum nach Beziehung
(1) an und multipliziert nach Gleichung (2) zu einer System-
matrix S zusammen:

10,0870 —59,5887

= (12)
0,0168  0,0000

so erhdlt man direkt eine Aquivalentbrechkraft von 59,5887 D
fiir das Auge bzw. eine Brechkraft von 19,5490 D fiir die diinne
Linse. Der Abbildungsmafstab wird aus der Systemmatrix ab-
gelesen mit einem Wert von M=0,0167817.

Setzt man fiir den Fall der dicken Linse die Refraktionsmatrizen
fiir die Brillenrefraktion und Hornhaut sowie die Translations-
matrizen fiir den Hornhautscheitelabstand, die pseudophake
Vorderkammer, die Kunstlinse und den Glaskérperraum nach
Beziehung (1) an und multipliziert nach Gleichung (2) zu einer
Systemmatrix S zusammen unter der Voraussetzung, dass die
beiden Flachenbrechkréfte der Linse identisch sind (equibikon-
vex), so ergibt sich:

0,0876 —59,6804

= (13)
00168  0,0000

Die beiden Grenzflichen der Linsen besitzen eine Brechkraft
von 9,8056 D und die Aquivalentbrechkraft berechnet sich zu
19,5585 D. Der AbbildungsmaRstab wird aus der Systemmatrix
abgelesen mit einem Wert von M=0,0167559 und stimmt auf-
grund der equibikonvexen Geometrie sehr gut mit dem Ver-
gleichswert fiir das Modell der diinnen Linse iiberein.

Beispiel 2: Berechnung einer diinnen Linse fiir das OP-Auge
Zundchst soll mit den in © Tab.1 aufgelisteten biometrischen
Daten fiir das OP-Auge eine diinne und eine dicke equibikon-
vexe Kunstlinse berechnet werden, die das Auge fiir eine Ziel-
refraktion von -1,0 D auskorrigiert.

Fiir den Fall der diinnen Linse werden die Refraktionsmatrizen
fiir die Brillenkorrektur und die Hornhaut sowie die Transla-

OP-Auge (phak)
»dicke Linse*
24,2 22,60
/ 3,50
/ 3,80
4,80
0,80
9,78
9,78
19,5
1,46
43,50 42,50
-1,00

tionsmatrizen fiir den Hornhautscheitelabstand, die pseudo-
phake Vorderkammer (5,2 mm) und die pseudophake Glaskor-
perstrecke (19 mm) nach (1) angesetzt.

AnschlieBend wird in Gleichung (9) Element (2,2) identisch null
gesetzt und nach der Brechkraft der Kunstlinse aufgelost. Die
Brechkraft der Kunstlinse berechnet sich zu 27,5426 D. Wird
nun die Refraktionsmatrix fiir die Kunstlinse nach Beziehung
(1) angesetzt und die Systemmatrix S fiir das gesamte optische
System einschlief8lich Brillenkorrektur berechnet, so kann man
direkt ablesen, dass mit

—0,0248 —65,4311

= (14)
00153 0,0000

das gesamte System refraktiv auskorrigiert ist (Element [2, 2]
identisch null), die Aquivalentbrechkraft des Auges mit Korrek-
tur 65,4311 D und der AbbildungsmaRstab M=0,0152833 be-
trdgt. Damit ist die laterale VergrofRerung im Vergleich zum
Partnerauge (Modell der dicken Linse) um 8,8% kleiner.

Fiir den Fall der dicken Linse mit einer Mittendicke von 0,8 mm
und einem Brechungsindex von 1,46 entsprechend den Ver-
gleichswerten des Referenzauges werden die Refraktionsmatri-
zen fiir die Brillenkorrektur und die Hornhaut sowie die Transla-
tionsmatrizen fiir den Hornhautscheitelabstand, die pseudophake
Vorderkammer (4,8 mm), die Kunstlinse (0,8 mm) und die pseu-
dophake Glaskorperstrecke (17 mm) nach (1) angesetzt. Anschlie-
Bend wird eine dicke Linse mit Gleichung (9) unter der Bedingung
berechnet, dass die beiden Flachenbrechkrdfte der Linse identisch
sind (equibikonvex). Daraus ergeben sich die Flichenbrechkrifte
bzw. die Aquivalentbrechkraft der Kunstlinse zu 13,7876 D bzw.
274710 D. Werden nun die Refraktionsmatrizen der beiden
Kunstlinsenflachen nach Beziehung (1) angesetzt und die Sys-
temmatrix S fiir das gesamte optische System einschlielich Bril-
lenkorrektur berechnet, so kann man direkt ablesen, dass mit

~ |—0,0226 -654779

= (15)
0,0153 0,0000

das gesamte System refraktiv auskorrigiert ist (Element [2, 2]
identisch null), die Aquivalentbrechkraft des Auges mit Kor-
rektur 65,4779 D und der Abbildungsmaf3stab M=0,0152723
betrdgt. Damit ist die laterale VergréfBerung im Vergleich
zum Partnerauge (Modell der dicken Linse) wieder um 8,8%
kleiner.
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Tab.2 Variation der Linsenparameter unter der Bedingung eines refraktiv korrigierten Auges, um die Wirkung auf den lateralen AbbildungsmaRstab abzu-
schitzen. Angegeben wurden die beiden Flichenbrechkrifte der Kunstlinse (anterior und posterior), die Aquivalentbrechkraft, der AbbildungsmaRstab sowie der
relative AbbildungsmaRstab (als Verhdltnis des AbbildungsmaRstabes zum Vergleichswert des Referenzauges). In Zeile 2 und 3 wurde die Kunstlinse aus Beispiel
2 jeweils um 0,5 mm nach vorne bzw. hinten verschoben, in Zeile 4 und 5 wurde das Design auf plan-konvex bzw. konvex-plan gedndert, in Zeile 6 und 7 wurde
die Dicke auf 1,2 mm bzw. 1,6 mm erhoht unter Beibehaltung der Aquatorebene (pseudophake Vorderkammertiefe dann 4,6 mm bzw. 4,4 mm).

Flache anterior in Flache posterior in

D D D

Position 13,1561 13,1561 26,2174
4,3mm

Position 14,4665 14,4665 28,8183
5,3mm

plan-konvex 0,0000 28,4566 28,4566
konvex-plan 26,5527 0,0000 26,5527
Dicke 1,2 mm 13,8622 13,8622 27,5664
Dicke 1,6 mm 13,9350 13,9350 27,6573

Beispiel 3: Variation der Linsenposition, der Geometrie so-
wie der Dicke der Linse

Hier soll die dicke Kunstlinse aus Beispiel 2 variiert werden in
ihrer Position (4,3 mm und 5,3 mm anstatt 4,8 mm), ihrer Geo-
metrie (plan-konvex, konvex-plan anstatt equibikonvex) und ih-
rer zentralen Dicke (1,2 mm und 1,6 mm anstatt 0,8 mm) um den
Effekt dieser Einflussgréfen auf den lateralen Abbildungsmaf3-
stab abzuschdtzen. Die Ergebnisse sind in © Tab. 2 dargestellt.
Die Ubersicht zeigt, dass die Wirkung der Variation o.g. Parame-
ter auf den Abbildungsmafstab sehr gering ist und maximal im
Bereich von 1-2% rangiert.

Beispiel 4: Eikonische Abbildung durch Kombination aus
diinner Kunstlinse und Brille

In diesem Beispiel soll gezeigt werden, wie man durch eine geeig-
nete Kombination aus Kunstlinse (zur Vereinfachung wird das
Modell einer diinnen Linse verwendet) und Brillenkorrektur den
Abbildungsmalfistab an den Vergleichswert des Referenzauges
anpassen kann. Wir gehen wieder von den in © Tab. 1 dargestell-
ten biometrischen Daten des OP-Auges und einer Position der
diinnen Kunstlinse bei 5,2 mm (siehe Beispiel 2) aus und berech-
nen zundchst die 4 Elemente des Subsystems SA gemdl$ Bezie-
hung (7). Weiter ermitteln wir mit Gleichung (10) die Brechkraft
der Kunstlinse fiir die Anpassung des AbbildungsmaRstabes an
das Referenzauge zu P,p; =20,1831 D. Mit Beziehung (11) wird ab-
schlieBend die Brillenkorrektur zu Pz=+3,7077 D ermittelt, die
das gesamte optische System Auge inklusive Brillenkorrektur re-
fraktiv auskorrigiert. Multipliziert man nun zur Kontrolle alle Re-
fraktionsmatrizen und Translationsmatrizen gemadf} Gleichung
(5) auf, so resultiert eine Systemmatrix

An dieser Systemmatrix kann unmittelbar abgelesen werden,
dass die Aquivalentbrechkraft des Auges 59,6804 D betrigt und
dass das System refraktiv auskorrigiert ist. Erweitert man die
Dezimalstellen fiir den AbbildungsmaRstab (Element [2, 1] der
Systemmatrix) so entspricht dieser dem Vergleichswert des Re-
ferenzauges mit M=0,0167817 (vgl. Beispiel 1).

Diskussion

v

Vereinfacht versteht man unter Anisometropie einen Unter-
schied im Brechungsverhalten beider Augen, wohingegen Ani-

10,0906 -59,6804

= (16)
00168  0,0000

Aquivalentbrechkraft in

AbbildungsmaRstab relativer AbbildungsmaRstab

0,0154264 0,9207
0,0151125 0,9019
0,0151538 0,9044
0,0153838 0,9181
0,0152503 0,9101
0,0152294 0,9089

seikonie einen funktionellen binokularen Defekt bezeichnet,
bei dem die Geometrie und/oder die GroRe der beiden Netz-
hautbilder unterschiedlich sind. In einer Vielzahl von wissen-
schaftlichen Veroffentlichungen wurden retinale Bildgréf8enun-
terschiede zwischen zwei Augen eines Individuums analysiert
(.globale Aniseikonie*), allerdings wurde in den wenigsten Fal-
len differenziert zwischen der globalen und der meridionalen
Aniseikonie, bei der die Netzhautbilder aufgrund astigmati-
scher Grenzflichen im Auge unterschiedlich verzerrt sind [6,
7]. In dieser ersten Studie beschranken wir uns auf die Untersu-
chung der globalen Aniseikonie, in einer zweiten Arbeit wird
im Detail auf die Analyse meridionaler Bildverzerrungen einge-
gangen werden.

In der Literatur finden sich fiir den retinalen BildgroBenunter-
schied beider Augen Werte bis zu 5%, die vom Patienten akzep-
tiert und toleriert werden [1, 2, 21]. Hohere Werte der Aniseikonie
fithren zu Doppelbildern, Suppression oder auch zum Verlust der
binokularen Addition. Aniseikonie ist nicht auf das optische Sys-
tem Auge beschrankt, sondern hat auch eine entscheidende neu-
ronale Komponente, z.B. bedingt durch individuelle Unterschiede
im Abstand der Fotorezeptoren. In einer Reihe von mehr oder we-
niger empirischen Arbeiten wurde in der Vergangenheit versucht,
dieses Problem zu analysieren und zu charakterisieren. In dieser
Studie haben wir uns bewusst auf die geometrisch-optische Ab-
bildung eines Objektes auf die Netzhaut beschrankt und neuro-
nale Einflussfaktoren auRer Acht gelassen.

Das optische System Auge kann mit unterschiedlichen Formalis-
men beschrieben werden [4, 5]. Generell unterscheidet man
zwischen numerischen Beschreibungen mittels Raytracing und
der vereinfachten Darstellung mit paraxialer Naherung. Beim
Raytracing wird ein reprdsentatives Strahlenbiindel (z. B. mehre-
re Tausend Strahlen) von einem Objekt ausgehend auf das Auge
projiziert und sukzessive jeder einzelne Strahl unter Einhaltung
des Snellius-Brechungsgesetzes bis auf die Netzhautebene ver-
folgt. Bei der paraxialen Ndherung (lineare Gauf3sche Optik)
geht man davon aus, dass das optische System zentriert ist und
ausschlieBlich sphdrische Grenzflichen besitzt. Die Strahlen
treffen so achsnah auf die refraktiven Grenzflachen, dass die pa-
raxiale Naherung gilt und im Snellius-Brechungsgesetz der Si-
nus des Winkels des ein- und ausfallenden Strahles durch den
Winkel im BogenmaR ersetzt werden kann. Im Vergleich zum
Raytracing liefert diese Vereinfachung geschlossene analytische
Loésungen und ist mit geringem mathematischem Aufwand um-
zusetzen. Fiir klinische Anwendungen reicht die Genauigkeit
dieser Ndherung bei weitem aus, sodass der Mehraufwand bei
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der Berechnung mit Raytracing nur in Ausnahmeféllen gerecht-
fertigt erscheint.

In der vorliegenden Arbeit wurde fiir den paraxialen Ansatz ein
matrixbasierter Formalismus gewahlt, der eine sehr {ibersichtli-
che Darstellung des optischen Systems Auge zuldsst. So werden
alle refraktiven Grenzflichen durch 2x2 Refraktionsmatrizen
dargestellt und die mit homogenem optischem Medium gefiill-
ten Zwischenrdume zwischen den Grenzflichen durch 2x2
Translationsmatrizen [8, 11, 14, 20]. Multipliziert man die Re-
fraktions- und Translationsmatrizen gemdf Gleichung (2) zu-
sammen, so kann das optische System ohne detaillierte Kennt-
nis als ,Black Box“ vollstindig durch die 2x2 Systemmatrix
beschrieben werden, die charakterisiert, wie ein einfallender
Strahl (definiert durch die Strahlhéhe und den Einfallwinkel)
auf einen ausfallenden Strahl (definiert durch die Strahlhéhe
und den Ausfallwinkel) iibersetzt wird. Der hier vorgestellte
Formalismus ist vielseitig verwendbar. Falls, wie im Falle eines
pseudophaken Auges, die Positionen und Brechkréfte aller re-
fraktiven Flachen bekannt sind sowie die Refraktion und Positi-
on der besten Brillenkorrektur ermittelt ist, so kann sehr einfach
wie in Beispiel 1 aufgezeigt die Aquivalentbrechkraft des Auges
inklusive Brillenkorrektur sowie der AbbildungsmaRstab aus
der Systemmatrix abgeleitet werden. Die fehlenden Brechungs-
indizes fiir Kammerwasser und Glaskorper variieren individuell
nur sehr gering und kénnen einem der klassischen Augenmo-
delle entnommen werden (z.B. [3, 9, 17]). Falls die biometri-
schen Daten und die implantierte Kunstlinse zur gemessenen
Refraktion auf Brillenebene passt, so erwarten wir insgesamt
ein refraktiv auskorrigiertes optisches System, bei dem ein pa-
rallel zur Achse einfallendes Strahlbiindel ungeachtet der Ein-
fallshohe die optische Achse auf der Netzhautebene trifft und
damit Element (2,2) der Systemmatrix identisch null ist. Kleine
Abweichungen von der Null sind moglich aufgrund der Ferti-
gungstoleranzen von Kunstlinsen und der Messungenauigkeit
bei der Erhebung der biometrischen Daten.

Soll am Operationsauge der AbbildungsmaRstab des Partner-
auges nachgebildet werden und das gesamte optische System
refraktiv auskorrigiert sein, bendtigt man zwei Freiheitsgrade.
Dafiir kommen mehrere Optionen in Betracht: Zum einen
kann eine dicke eikonische Kunstlinse berechnet werden, bei
der die Flachenbrechkréfte der Vorder- und Riickfliche der
Linse separat variiert werden konnen. Fiir den Fall eines astig-
matischen Systems wurde die generelle Vorgehensweise in ei-
ner fritheren Arbeit im Detail erldutern [12]. Allerdings zeigt
Beispiel 3 (plan-konvex und konvex-plan) im Vergleich zur
equibikonvexen Linse aus Beispiel 2 eindrucksvoll, dass auf-
grund des geringen Abstandes der beiden Linsengrenzflichen
die Variation des Abbildungsmaf3stabes sehr gering ist und
im Bereich von rund 1-2% liegt. Auch die Variation der Mit-
tendicke der Linse sowie der Position im Auge iiber unter-
schiedliche Geometrien der Haptiken oder Positionierung im
Sulkus anstatt im Kapselsack (siehe Beispiel 3) sind nur ein-
geschrankt geeignet, den Abbildungsmaf3stab auf den Refe-
renzwert des Partnerauges anzupassen. Zum anderen kann
iber eine geeignete Kombination aus Kunstlinse und Brillen-
korrektur aufgrund des groflen Abstandes voneinander sehr
effizient der Abbildungsmaf3stab verdndert und somit Anisei-
konie ausgeglichen werden, wie Beispiel 4 dokumentiert.
Vergleicht man die Ergebnisse der Beispiele 1 und 2 miteinan-
der, so erkennt man selbst bei biometrischen Werten im ,Nor-
malbereich“ fiir das Referenz- und OP-Auge, dass der Abbil-
dungsmalstab bei Berechnung einer diinnen Linse durchaus

bis zu 10% unterschiedlich ausfallen kann. Da derartige Anisei-
konien nur sehr schwer vom Patienten akzeptiert und toleriert
werden, sollte man sich vor einer anstehenden Kataraktopera-
tion die biometrischen Daten beider Augen sehr sorgfdltig im
Vergleich ansehen und ggf. fiir beide Augen eine Abschitzung
des AbbildungsmaRstabes machen, wie er weiter oben in dieser
Arbeit beschrieben ist. Dazu sind die Detaildaten der bereits
implantierten bzw. der zu implantierenden Kunstlinse hilfreich
(um ein Modell der dicken Linse anzusetzen), aber nicht zwin-
gend erforderlich (Modell der diinnen Linse). Weiter ist in frag-
lichen Fdllen zu evaluieren, welches Mal3 an Aniseikonie vom
Patienten toleriert wird (z.B. mit einem Eikonometer), um zu
entscheiden, ob eine Variation der Linsenposition und/oder ein
geeignetes Linsendesign zur Abmilderung der Aniseikonie aus-
reichen oder ob gezielt eine Kombination aus Kunstlinse und
Brillenkorrektur notwendig ist.
Generell gilt (fiir den klinisch relevanten Fall einer Kunstlinse
mit positiver Brechkraft), dass der AbbildungsmaRstab groRer
wird, wenn
» Die Kunstlinse mehr anterior (kleinere ACD-Konstante) im
Auge positioniert ist,
> die Flichenbrechkraft der Kunstlinse vorne erhéht und hin-
ten reduziert wird (z.B. konvex-plan anstatt plan-konvex),
» bei stationdrem Aquator der Kunstlinse die Mittendicke redu-
ziert wird, und
> eine geringer brechende Kunstlinse mit einer geeigneten po-
sitiv brechenden Brillenkorrektur kombiniert wird (sehr effi-
zient).
Zusammenfassend und schlussfolgernd ist die moderne Katarakt-
chirurgie so sicher, komplikationsarm und im funktionellen Er-
gebnis vorhersagbar, dass Risiken wie eine nicht tolerierte Anisei-
konie in den Vordergrund treten. Ophthalmochirurgen sollen auf
die Problematik der Aniseikonie nach Kataraktchirurgie sensibili-
siert werden und bereits bei der Planung des Eingriffs anhand der
biometrischen Daten beider Augen abschdtzen, welche Bildgro-
Benunterschiede zu erwarten sind, ggf. die Akzeptanz und Tole-
ranz des Patienten fiir Aniseikonie messen und durch geeignete
MafRnahmen BildgroBenunterschiede beider Augen reduzieren
oder eliminieren. Die vorliegende Arbeit soll aufzeigen, welche
MaRnahmen ergriffen werden kénnen und, wie man die Effizienz
dieser MaBnahmen einschdtzen kann.

Interessenkonflikt: Nein
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Abstract

Background and Prerpose: Especially after corneal surgery the lateral magnification of the eye providing the retinal image size of an
object is  crucial Tactor influencing visual acuity and binocularity. The purpose of this study is to describe a paraxial computing scheme
calculating lateral magnification changes (ratio of the image sizes before and alter surgery) due to variation in corneal shape and spec-
tacle refraction.

Cadeulation strategy: From the 4 % 4 refraction and translation matrices the system matrix representing the entire ‘optical system eye’
and the pupil matrix describing the sub-system from the spectacle correction to the aperture stop were defined for the stute before and
after surgery. As the chiefl ray is assumed to pass through the centre of the aperture stop, the 2 x 2 matrix of the lateral magnification
ratio lrom preoperative to postoperative is described by the 2 = 2 sub-matrices of the respective pupil matrices. The cardinal meridians
can be exiracted by calculating the eigenvalues and eigenvectors.

Working example: Vertex distance 14 mm, measured distance between corneal apex and aperture stop 3.6 mm, keratometry
39D +6D/0° to 47 D+ 3 D/30° and refraction 3.5D — 5 — 5 D/5° to 4.0 D — 3.5 D/257 preoperatively to postoperatively. The
matrix of magnification ratio from preop to postop yields (0.8960 —0.0085:0.0074 0.9371) and the cigenvalues decomposition provided
g [0.7% minified image at 170.1" and & minified image of 6.1% a1 78.7%, which both are clinically relevant.

Conclusion: We presented a straight-forward computer-based strategy for caloulation of retinal image size changes using 4 x 4 matrix
notation. With this model the meridional changes in lateral magnification from the preoperative to the postoperative stage or between
follow-up stages can be estimated from keratometry, refraction, vertex distance and anterior chamber depth, which might be important
for binocularity and vision tests in corneal surgery.

@ 2007 Elsevier Lid. All rights reserved.

Keywordy: Latern] magnification; Corneal shape: Relructive change; Mathematical madeling; Mulrix representation

1. Introduction

In an ophthalmological examination the visual function
15 normally evaluated as an isolated parameter beside other
clinical parameters such as keratomelry or refraction at
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spectacle or corneal plane. Bul especially alier corneal
refractive surgery, corneal grafling or cataract surgery,
the lateral magnification of the eye providing the retinal
image size of an object is a crucial collateral factor influenc-
ing the potential visual acuity of an individual.

In case, when corneal shape is changed inducing a
change in the refractive state and the refractive conditions
of the posterior segment of the eye (lens, vitreous) remain
unchanged, the exit pupil ol the eye is not aflected. In such
situations, the change in lateral magnification of the
entire ‘optical system eye’ can be determined in a simple
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caleulation scheme considering the change in corneal archi-
tecture and (spectacle) refraction. That magnification
change has to be taken into account in evaluating changes
in visual outcome and to differentiate between an intrinsic
and an extrinsic part.

In the last decades, rayiracing strategies for evaluation
of the optical properties of optical systems became more
and more popular. A matrix based description of spherical
optical systems in ophthalmologic applications has first
been investigated by (Rosenblum & Christensen, 1974:
Long, 1979) and later used by many other investigators.
This formalism breaks down any spherical optical system
into a product of 2 x 2 refraction and translation matrices
and the resulting system matrix relates the slope and height
of an incident ray to the respective slope and height of the
exiting ray. Then, Keating (Harris, 1999, 2000; Keating,
1980, 1981a, 1981b) was the first to introduce a generaliza-
tion of these 2 x 2 matrices to astigmatic systems described
by 4 x 4 system matrices. In accordance with the spherical
case, this generalized formulation of astigmatic optical sys-
tems breaks down into 4 x4 refraction and translation
matrices and the system matrix relates the impinging ray
with slopes in x- and y-direction and intersection co-ordi-
nates x and v at the first refractive surfuce to the respective
slopes in x- and p-direction and the co-ordinates x and y of
the exiting ray at the lust refractive surface of the optical
system (Langenbucher & Seilz, 2003), Without restriction
Lo coaxiality, a spherical system may be described using
3% 3 system matrices (Gerrard & Burch, 1973) and astig-
matic optical systems containing decentred optical surfaces
are consequently represented by 5x3 system matrices
{Harris, 1994). In the present study, we restrict to a coaxial
optical setup containing spherical and astigmatic surfaces.

The purpose of this paper was to describe a straight-for-
ward mathematical matrix-based strategy for calculating
lateral magnification changes (ratio of the image sizes
belore and aflter surgery) due to variation in corneal shape
and spectacle refraction under the constriction. that other
biometrical parameters of the eye remain unchanged. The
applicability of this caleulation scheme will be demon-
strated in two working examples.

1.1, Refraction and transletion matrices and the system matrix

In spherical optical systems, the refraction matrices R
and translation matrices 7" can be written in the form

x:[:} _IP]. T= [i ?] (1)

where P refers to the dioptric power of a refractive surface,
d 15 1he interspace between surfaces and n is the refractive
index of the medium (Rosenblum & Christensen, 1974;
Langenbucher, Huber, Nguyen, Seitz, & Kiichle, 2003;
Long, 1979}, An optical system consisling of m refractive
surfaces (1 to m from left to right) with dioptric powers

Py to P, and interspaces 4,z o d,, |, (refractive indices
M3 10 iy ) the system matrix S reads

5=Rm'Tm |_|w'Rl|I'TnTz.r'r'l"'-R.'I'T'.:'R[ {2]
and any incident ray from the left (surface 1) with a slope

angle =, and a height y; will exit the system at surface m
with a slope angle « and a height y so that

0)-= ()

In any astigmalic system, the respective refraction matrix R
reads

R R
B 1 3 Z

R =
g0 1 B 4)
00D 0 1

and the translation matrix T is defined as
1 B0 0

r 01 00 5

L0 oo %

0 2 4 1

Ll

Elements X. ¥ and Z of the refraction matrix are given
with

X = —(SPH + CYL - sin’(¢)),
Z = —(SPH + CYL - cos*(p)), (6)
Y= CYL -sin{¢p) - cos(gp),

where the parameters SPH, CYL and ¢ refer Lo the spher-
ical power, cylindrical power each in diopters and the ori-
entation of the cylinder (in degrees) and dfn refers to the
reduced optical distance in the translation matrix 7 as de-
fined in the spherical case.

Analogue to the 2 x 2 spherical case Eq. (2), the system
matrix of an optical system consisting of m spherocylindri-
cal surfaces can be written as

; A B
l:-5:'i'i.m"T-m—l.n'r'-ﬂwr—l 'Tn'r—llm—i""RZ' TI_Z‘RI = cD

(7)
and any incident ray Mrom the lefl (surface 1) with slope an-
gles o, and g, in x and y direction and intersection coor-
dinates xp and yy with surface 1 will exit the system at
surface m with slope angles z, and 2, al coordinates x
and y so that

- 1% Ty
&y oy,
=5 4 8 (8)
X Xy
8 ¥

The 2 x 2 sub-matrices A, B, C and D refer to A: magnifi-
cation, B: divergence or negative of the power matrix,
disjugacy, and D: dilation. The reverse caleulation of the
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elements SPH, CYL and ¢ [rom the sub-matrix A can eas-
ily be performed with the trace and the determinant if A4 is
a symmetric matrix.

1.2, Definition of the ‘optical system eye' before and afier
surgival intervention with mairices

The optical system ol a eye containing spherocylindrical
surfaces is characterized in the simplest form with a sphero-
cylindrical spectacle correction, a single surlace cornea,
and a crystalline lens (MacKenzie & Harris, 2002). Thus,
before surgical intervention the matrix representation of
the entire system starting from the spectacle plane and end-
ing al the retina is represented with 4 system matrix S with

Spl' = Tv - Riback - T - Rirrom - T.M:ﬂw . Rl."pr ! Tﬂpr . R!-?ﬁ1

(9)
where Ty refers to the vitreous space, Bypaee and Rpgom
refer to the refraction matrices of the back and front sur-
face of the erystalline lens, Ty to the central thickness of
the lens, Tacpype refers Lo the phakic anterior chamber of
the eye, Rep, to the corneal surface, Tspe 1o the vertex dis-
tance from the cornea lo the speclacle plane and Rg, 1o the
intended target refraction before cataract surgery at specta-
cle plane. The matrices Txcppe Rope Tspe and Ry, are
known from ultrasound or optical biometry, keratometry
and refractometry and are potentially subject 1o change
during intervention, whereas the other matrices can be
assumed to be stable. The respective optical system afier
the surgical intervention reads

STHI =Ty~ Ripua - To* RLFrunl: ] T.i\{'l}]m i R[‘;“d £ TSpu " Rﬁpu-
(10}

For simplicity of the formalism, we define [or the preopera-
tive and postoperative state a subsystem Spyppe and Spyppo
which includes the part of the opuical system [rom the
spectacle correction Lo the aperture stop
Spuepr = Tacope * Rope - Tspr + Reprs (1)

Spurpn = Tacops * Bope - Tspe * Repo-

1.3. Determination of the relative lateral magnificarion

In case the spectacle correction fully compensates the
spherocylindrical refraction error at spectacle plane, matrix
C equals zero and the lateral magnification of the eye is
characterized by the retinal image size divided by the angle
of the incident ray. The respective magnification matrix is
given by the lower right 2 x 2 matrix D of the system matrix
5. As the respective matrices for the crystalline lens cannot
be derived with common measurement techniques (in vivo
phakometry), the absolute magnification of the eye cannot
be extracted.

Instead, as the reference ray traced through the eye has
to pass through the centre of the pupil and all dimensions
and curvalure data in the anterior segment of the eve from

the spectacle to the plane of the aperture stop (Spypp and
Spuppe) are known, the change in magnification due 1o the
change of corneal shape or refraction can be derived in case
the exit pupil does not change.

An arbitrary ray entering the optical system at the specta-
cle is passing through the pupil centre il x and p equal zero:

e Fiy

, %oy (Am.:? Br:rp) (%) ( )
=Spmr- = y T 1

x X Crur Dpup M 0

¥ Yo

(12)
where x or yy refer to the 2 % [ vector with the components .,
and =, or the coordinates x and y. Eq. (12) can be written as

Crur - 20 + Dpge -y = 0,
Yo = _Dj'hl_lli  Cpyp « 2.
Together with Eq. (13}, the slope angle « at the aperture

stop 1s related to the slope angle o of a ray entering the
optical system by

(13)

= Apup - 2% — Bopp - DPLI:F - Cpup - @,
= (Apup — Bpyp ﬂﬁ:“- - Cyup )2, “4}

As the exil pupil is determined by the optical pathway be-
tween the aperture stop and the reting and is assumed to be
unchanged due o the surgical intervention, the lateral
magnification change (ralio ol the image sizes before and
after surgery) due to the intervention M, is calculated
from the angle magnifications Mpyppe and Mpyipp, preop-
eratively and postoperatively by

M rapur = Mpuippo - M}?:’I}lmﬂ
= {Apuran — Brurpe - DP11Il'pu - Cpuppa)
n {ANIPpr . IJI-gl-'I.lP‘rlnr 5 '[JP;IFM % "-(——‘lﬂ.l]-’:r:r}I .- “5}

As we postulate, that the ray is passing through the centre
of the aperture stop, the system is not necessarily [ully cor-
rected in refraction. IT the system is not fully corrected by
the spectacle lens, Eq. (15) gives the change in magnifica-
tion of the blurred images due to the surgical intervention.

The cardinal meridians of magnification are extracted
from the 2 % 2 matrix M pyup by deriving the eigenvectors
and the cigenvalues (Arfken, 1985). Thus, the cigenvalues
are directly related to the change in magnification and
the respective cigenvectors provide information about the
orientation of the cardinal meridians:

Mupip=H"-1-H, (16)

where H is the 2 x 2 matrix containing the eigenvectors and
I refers to the diagonal matrix containing the eigenvalues.
From H we extract the orientation of the meridians g,
and ¢s in the classical form to

LIt hlz) (-ﬁn) (hp)
H = =@ =arclan { — |, ¢, =darctan | — |.
(hzs fra & hy P Ay

(17}
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In the special case if the axes of the spectacle eylinder and the
corneal astigmatism are aligned (or orthogonal). the cardinal
meridians ¢, and ¢, are orthogonal, but in general Hisnota
symmetric matrix and both meridians are not orthogonal.

2. Working examples
2.1, Example |

For the first example we assume a verlex distance of 14
mm preoperatively and postoperatively and a measured
anterior chamber depth of 3.6 mm (from corneal apex lo
the anterior apex of the lens, which is assumed to coincide
with the aperture stop plane). The keratometry changed
from 41.5D+4.5D/15° preoperatively to 40D+
2.5 D/25° afler the surgical intervention. Spectacle refrac-
tion changed from +1.0D-35D/I5° 10 -1.0D
—L.0 D/115° In this example, the orientation of the specta-
cle cylinder and the corneal astigmatism is aligned before
and after the intervention, The refractive index of the
agueous humour is assumed to be 1.3374,

Using Eq. (4), the refraction matrices prior to and after
surgical intervention read with a precision of four digiis

(10 —0.7655 —0.8730
0 1 -08750 2.2655
i TS 0
0 0 0 1
r1 0 1.8214 0.3830
|0 1 03830 1.1786
=100 1 0
00 0 1
(10 -41.8014  1.1250
K 0 1 11250 —45.6986
af 0 0 ] 0 ;
0 0 0 |
(10 —44.4465 09576 7
i 0 1 09576 —46.0535
i 00 1 0 '
0 0 0 !
and using Eq. (5) the translation matrices read
I 0 9B
0 100
Tswe=Tso= o0 o 1 of
0 00140 0 1
1 0 0 0
0 I 0 0
Tacope =Tacows = 150007 o 1 o
0 00027 0 1

Multiplying the refraction and translation matrices to-
gether using Eq. (11), the system-matrix characlerizing

ﬁ.‘%ﬂ%glz‘f; |%§I'9?§ 2412417

the sub-system from the spectacle to the aperture stop be-
fore and after surgical intervention read

04148 0.0158 —42.1328 0.7978

- 0.0158 0.3602 0.7978  —44.8962
0.0151 0.0000 08759  —0.0101
| 0.0000 0.0150 —0.0101 0.9109
03777 0.0134 -43.7534 11180

g _|00134 03553 11180 45629

PR T 00150 0.0000 09077 0.0084
L0.0000 0.0150 0.0084  0.8937

Using Eq. (15), the change in magnification is calculated 1o

0.9651

—(.0205
M pppp = [—-ﬂ 0203 ]

L.O194

and after extracting the eigenvectors and eigenvalues
according to Eq. (16)

s _ [-0.9489 031821 ' (09583 0
“’”‘“"‘[—u.s:sﬁ —n.wso} [ 0 |.r1253]
—0.9489  0.3182
'[—9.31515 —u_imn]

and re-converted to standard notation using Eq. (17), we
gel a magnification change ol 0.9583 in an axis of 18.4°
and 1.0263 in an axis of 108.6°. This means clinically, that
in an orientation of 18.4° the image is minified by 4.17%
and in an orientation of 108.6° the image is magnified by
2.63% due 1o surgical intervention.

2.2. Example 2

For the second example we assume a vertex distance ol
14 mm preoperatively and postoperatively and a measured
anterior chamber depth of 3.6 mm (from corneal apex Lo
the anterior apex of the lens, which is assumed Lo coincide
with the aperture stop plane). The keratometry changed
from 32.0 D + 6.0 D/0" preoperatively to 47.0 D + 3.0 D/
30° alter the surgical intervention. Spectacle refraction
changed from +3.5D — 5.5D/5° 10 —-4.0 D — 3.5 D/25°,
In this example, the orientation of the spectacle cylinder
and the corneal astigmatism is not aligned before and after
the intervention. For calculation of the absolute object—
image magnification, the axial length of the eye is
23.8 mm, the central thickness of the crystalline lens is
3.6 mm. The dioptric power of the lront/back surface mea-
sured by phakometry is determined Lo be 8.26 D/14.0D
(radii of curvature; 10.0 and 6.0 mm). The refractive index
of the aqueous humour/crystalline lens/vitreous is assumed
to be 1.3374/1.4200/1.3360.

Using Eq. (4), the refraction matrices prior to and afler
surgical intervention read with a precision of [our digils
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M 0 —34582 —-0.47757 C0.4540  0.0000 —40.5700 02168
2 0 1 04775 19582 § B 0.0000 03700 —0.1767 —44.2755
1o o 1 g ) PPPET10.0152 0.0000 08424 —0.0073 |°
19 @ 0 | y | 0.0000 00150 —0.0072 00,9082
1 0 46251 —1.34067 .3315 0.0182 —46.2412 0.9797
R 0 1 —1.3406 68749 % B 0.0182 03105  0.9669 —47.1397
oo 1 0 PP 100149 0.0000 09403 0.016]
SLIA 0 | i L0000 00148 —0.0162 0.9694
[l 0 =39.0000 0.0000 7
0 1 00000 —45.0000 Using Eq. (15), the change in magnification is calculated to
Rewe =14 0 | 0 0.8960 0.0085
0 0 0 T Weaapor = [ﬂ.ﬂﬂ?d 9.9371]
1 0 —47.7500 1.2990 7
0 1 12990 —49.2500 and after extracting the eigenvectors and cigenvalues
Rope = 00 | 0 according to Eq. (16)
0o 0 ia i) - ~0.9852 -0.19577' [0.8945 0
f1O00 82600 0.0000 P [ 0.1716 —u.gam] ' [ 0 (}.9336]
Rhcad 0 1 00000 —8.2600 : [—U.QESE —D.l‘?ﬁ?]
i [ ! 0 0.1716  —0.9807
L0 0 0 1
f10 140000  0.0000 and re-converted to standard notation using Eq. (17), we
0 1 00000 —14.0000 gel a magni_ﬁc&tian _changc af H,S‘Eiltiﬁ in an E’fi? ol 170.1°
Riveck = and 0.9386 in an axis of 78.7° This means clinically, that
0 0 1 0 in an orientation of 170.1° the image is minified by 10.7%
0 0 4] | and in an orientation ol 78.7° the image is minified by

and using Eq. (5) the translation matrices read

| 0 0 o

Toor = Topo = ] 1 0 HI'
0.0140 0 1 0
|

0

0

1

0

0 00140 0
| 0 0
TAL‘Dpr =T T:‘H’..’Dpn = ﬂ.{]’?ﬂ? [1} E
0 00027 0 1
] 0 00
0 1 00
Tv=Tlooo2s o 1 ol
L0 00025 0 1
o 000
0 I 00
=lom2s o 1 ol
D 00124 0 1

Multiplying the relraction and translation matrices to-
gether using Eq. (11), the system-matrix characterizing
the sub-system Irom the spectacle to the aperture stop be-
fore and afler surgical intervention read

6.1% due to surgical intervention, If we multiply together
the complete system matrix using Eqs. (9) and (10), we get

—0.0494
—62.6550
0.0058 —0.0083
-0.0076 -0.0015
—65.2549  1.2992
1.2877  —66.7603
~(.0074 0.0028
0.0026 0.0000

[0.1035

0.0000

0.0173

| 00000

F—0.0074
0.0165
0.0153

L 0.0003

0.0000
0.0275
0.0000
0.0150
0.0165
~0.0264
0.0003
0.0150

—-57.6345

—0.0131
Spe =

Spo =

As the upper lefl 2 x 2 sub-matrix of the system matrix dif-
lers from the null matrix (Langenbucher, Reese, Huber, &
Seitz, 2005}, the complete system is not fully corrected and
the image at the retina is blurred. If we postulate, that
phakometry and keratometry as well as the distances mea-
sured by biometry are measured correctly, the refraction
matrix for a fully correcting spectacle reads

1 0 —3,7909 0.0000
0 1 00000 2.0541
00 | 0
00 0 I

belore surgery and
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1 0 51143 —1.5255
0 1 -1.35255 68757
0o I 4]
o 0 0 I

alter surgery. From these matrices, we derive a fully cor-
recting spectacle refraction of +3.7909 D — 5.8450 D/0°
belore and —4.2335 D — 3.5229 D/30° afler surgery, The
absolute lateral magnification M relating the lateral size
of an object on the retina to the slope of the incident ray
in the case of a blurred image (Langenbucher et al., 2005:
Harris, 2001a, 2001b) yields

x=Cpe % — Dpe - Dyl » Coup - %9 = M, - 2,
0.0172  0.0001
P [{}.ﬂﬂﬂl u.mﬁu] :
-"'=Cru'““_ﬂr'u'D.l‘.lle"Cl*Lil"Iu=Mm"1-
0.0154  0.0003
[H,(HHH ﬂ.ﬂliﬂ]'

po =

Calculating the relative change in magnification from the
state before surgical intervention to the state after surgical
inlervention, we gel

(L8960 0.0085
M‘"]=MN’.MFI'.=[ ]

0.0074 09371

which can be interpreted as a proofl of concept for our
mathematical strategy,

3. Discussion

A series of surgical interventions especially at the cornea
change the corneal architecture significantly resulting in a
shift of the sphere and/or of the astigmatism. Even if the
net astigmaltism is not changed, a rotation of the astigma-
tism axis refers to a change of the optical path. Many sur-
geons more or less ignore the effect of lateral magnification
and focus on a full refractive correction of the eye. But an
adequate correction of the eye i.e. using spherical or
spherocylindrical glasses is not able to compensate for
magnification disparities, because the corneal and the spec-
tacle plane do not coincide. It i5 generally accepted, that
minus lenses lor correclion of myopia minily the retinal
image, whereas plus lenses for correction of hyperopia
magnily the retinal image. This effect may for example in
cataracl surgery with posterior chamber lens implantition
influence the potential visual acuity significantly, when
the lens power is calculated inappropriately. If the power
of the intraocular lens is too low and the resulting hypero-
pia is corrected with plus glasses, the magnification is
increased and we expect an artificially increased visual acu-
ity. The opposite can be observed, when the lens power is
too high and the resulting myopia is corrected with minus
lenses. Fusion ol disparate images can be achieved il the
difference in magnification between the two eyes does not
exceed 3% (Kramer, Lubkin, Pavlica, & Covin, 1999;

Krzizok, Kaufmann, & Schwerdtfeger, 1996; Scarpatetti,
1983). In the astigmatic eye the difference in magnification
should not exceed 5% in any meridian to preserve a proper
fusion of the retinal images. In other words the spherocylin-
drical telescope including the spectacle correction and the
cornes must present Lo the retina an image ol approximately
the same size as the image in the fellow eye for all meridians.

Thus, especially surgeons who are working on the ante-
rior segment of the eye should consider beside a proper cor-
recion ol ametropia with spectacles the lateral
magnification of the eye and the change of magnification
to surgery. If only the corneal architecture of the eye is
changed during the intervention and all other relevant
parameters in the optical systems such as the lens, the ante-
rior chamber depth and the axial length remain stable, the
calculation of the change in magnification of the eye is not
very complex. However, for determination of the total
magnification lacks i there are no data of the anterior
chamber depth, the vitreous length and the lens geometry.

In the present paper we derived a matrix based methodol-
ogy for determination of the change in lateral magnification
of the eye (ratio of the image sizes before and after surgery)
due to a change in corneal shape corrected by a spectacle
lens. This concept is a straight-forward strategy of tracing
a pencil of rays through the optical system eye restricling
to a coaxial optical system in the Gaussian paraxial
spuce.

The system matrix of the eye breaks down into a prod-
uct of 4 x4 refraction matrices representing the refracting
surfaces in the optical system and 4 x 4 translation matrices
representing the interspaces between surlaces, For the lor-
mulation of the refraction matrices, we follow the notation
introduced by Keating (Kealing, 19814, 1981b) and Harris
{(Harris, 1999, 2000, 2001a, 2001b). The system matrix rep-
resenting the entire optical system is therefore a product of
the refraction and translation matrices. With the typical
structure of the refraction and translation matrices as well
as the system matrix, the 4 x 4 system matrix can be subdi-
vided into 4 2 x 2 sub-matrices 4, B, C and D. For exam-
ple, a [lully corrected system starting [rom the first
refracting surliace Lo the local plane is characterized with
the condition, that for a bundle of rays parallel to the opti-
cal axis entering the system from left is focussed to a single
point irrespective the height of the ray at the first refracling
surface. That means that the sub-matrix 4 equals the null
matrix. The power of the matrix notation for characteriz-
ing the optical system eye or for determination of toric
intraocular lenses could be demonstrated in a series of pre-
vious papers (Langenbucher, Reese, Sauer, & Seitz, 2004,
200%). The re-conversation of a sub-matrix to the standard
notation can be realized by using the trace and the determi-
nant of the matrix { Langenbucher et al., 2004) or by calcu-
lating the eigenvectors and the eigenvalues of the matrix.
The [irst re-conversion technique is restricted to symmetric
2 % 2 matrices and fail, il the matrix is nol symmetric.

In the present puper, the applicability of the mathemati-
cal formalism is demonstrated with lwo working examples
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in & step-by-siep approach. Tn example I, the cylinder axis of
the spectacle correction matches the axis of the corneal astig-
matism perfectly before and after the surgical intervention.
We assume, that we do not have data about the axial length,
the peometry of the crystalline lens (Preussner, Wahl, &
Lahdo, 2002), With the refraction data and the corneal
shape before and after surgery together with the anterior
chamber depth and the verlex distance we calculate the
meridional magnification change of the eye due to surgery.
Even il our concepl is not restricted to a stable vertex dis-
tance or anterior chamber depth, these values are normally
not changed significantly during surgery and we assumed
that both values remain unchanged. We found, that the opti-
cal system changes the magnification in two orthogonal
meridians: in the one cardinal meridian the image is magni-
fied by 2.63%, whereas in the other cardinal meridian the
image is minified by 4,17%. In example 2, we assumed a more
pronounced change of the corneal shape due Lo the surgical
intervention. The axes ol the corneal astipmatism and
refractive cvlinder were not properly aligned before and
after surgery (5° difference) and thus we did not get orthag-
onitl meridians for the change of ocular magnification. We
lfound, that in an orientation of 170.1% the image is minified
by 10.7% and in an orientation of 78.7° the image is minified
by 6.1%. For completeness, we included all relevant data lor
determining the total magnification of the eye: axial length,
curvature ol the front and back surface of the crystalline lens
as well as the central thickness of the lens. Applying the same
strategy as in example 1 we derived the magnification change
by comparing the slope angle of a ray entering the system
and the respective slope angle passing through the centre
of the pupil. In a second step, we determined the system
matrix of the entire optical system and extracled the blurred
image magnification matrices before and after the surgical
intervention. Comparing both matrices, we could verifly
the results of our concept.

In conclusion, we presented a mathemaltical straight-lor-
ward matrix-based strategy for calculation of the meridio-
nal magnification changes due to 4 change of corneal shape
and spectacle correction during a surgical intervention.
This methodology can be applied lor estimating the image
size disparities of dilferent meridians of one eye or between
both eyes of an individual and may be of clinical relevance
for the assessment ol aniseikonia afler corneal surgery in
case of significant change of corneal shape, especially in
high corneal astigmatism.

Appendix A. Supplementary data

Supplementary data associaled with this article can be
found, in the online wversion. at doi:10.1016/
Jovisres. 2007.05.01 5.
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Magnification and accommodation with
phakic intraocular lenses
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of Ophthalmology, Semmelweis University Budapest, Budapest, Hungary and *Department of
Ophthalmology, University of Saarland, Homburg (Saar), Germany

Abstract

Background and Purpose: The calculation of phakic lenses (PL) was described by van der Haijde
et al. [Klin. Monatsbl. Augenheilkd (1988) Vol. 193, pp. 89-102], but a formalism for estimating
relative magnification compared with spactacle correction and accommodation effects are not yat
published, The purpose of this study was to describe a mathematical strategy for calculating PL and
relative magnification as a function of object vergence (phakic accommodation).

Methods: Paramelers used for the calculations are the spectacle refraction before and after (target
refraction) surgery, the veriex distance, comeal refraction, and the predicted position of the phakic
intraocular lens. The lens power is determined as the difference in vergences between the spectacle-
corrected eye and the uncorrected eye at the reference plane of the predictad lens position, If we
simplify the crystalline lens to a single refracting surface located at the principal plane of the
crystalline lens, the vergence of the eye with spectacle correction and with PL is determined as a
funetion of object distance [object vergence 0 D (infinity) to 10 D (object at a distance of 10 em)] to
evaluate accommaodation effects of the crystalline lens.

Resufts: The method was applied to two clinical examples. In example 1 we calculated the power of
a PL for correction of a 10-D myopia and determined the relative magnification and the vergence at
the principal plane of the crystalline lens as a function of object vergence. Magnification gain
increasas with objects at near from 17% to 26%, whereas the vergence at the principal plane of the
crystalline lens changes by 3.04 D less than in the spectacle-corrected aye. In example 2, a 20-D
myopia was corrected with a PL. The gain in magnification changed from 33% to 58% with nearer
objects. The change in vergence at the principal plane of the crystalline lens with objects at near was
much higher with the PL compared with the spectacie correction, which implies that the refractive
change necessary for focusing objects at near distance is much higher in the PL correction.
Conclusions: Ewven if the predictability of postoperative refraction with PL is comparable or better
than in other methods of correcting high or excessive ametropia, the effects of lateral magnification
change and accommodation have to be considered to avoid image-size disparities (aniseikonia) and
to maintain binocular vision, especlally with monocular PL implantation and anlsometropia,

Keywords: intraccular lens power calculation, lateral magnification, object vergence, phakic
intraocular lenses, retinal image size, vergence transformation
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The association of spectacle-corrected high ametropia
with poor visual quality caused by inherent optical
aberrations and frequent contact lens intolerance, jus-
tifies the search [or and investigation of new techno-
logies in the correction of high ametropia. However, the
surgical correction of high ametropia is controversial in
the literature (Scarpatetti, 1983: Lackner er al., 2003;
Saxena er al., 2003).
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The implantation of phakic lenses (PL) is a highly
effective and predictable procedure to correct high
ametropia such as myopia, hyperopia, or astigmatism
(van der Heijde et /., 1988). In contrast to corneo-
refractive surgery with excimer laser or radial keratoto-
mies, the potential range of correction is much greater,
the optical zone is much wider which enhances vision
performance especially in dim light and there is no risk
of keratectasia (Giell er al,, 2003).

Intraocular procedures capable of correcting amet-
ropia include PL implantation, which permits optical
correction of the refractive error while maintaining
accommodation, and clear lens extraction, which must
be done with caution especially in myopic eyes because
of the potentially higher risk of retinal detachment
(Colin et al,, 1999; Lopez, 2001; Fernandez-Vega er al.,
2003) and the loss of accommodation in young patients.
Similar to corneo-refractive laser surgery, phakic intra-
ocular lenses (10L) vse a smaller optical zone 1o treat
higher ametropia (Gilell e al., 2003).

The implantation of anterior chamber intraoccular
lenses in phakic eyes has proved to be an effective and
predictable technique. However, the risk of damage to
anterior chamber structures, in particular the endothe-
lium (Menezo et al., 1998) initiated the development of a
new concept of posterior chamber lens implantation. In
1986, Fechner and Worst modified the iris claw lens for
correcting aphakia introduced by Fyodorov into a
biconcave lens for correction of high myopia (Worst
et al., 1990). To increase the safety of this lens, the
design of the lens optics was changed in 1991 to a
concave-convex shape, This lens design was reported 1o
cause less alteration to the corneal endothelium. With
the introduction of the toric phakic IOL (Gilell er af..
2003) there are completely new options lor correcting
corneal or lenticular astigmatism whilst preserving the
physiological accommodation of the eye. Especially in
high or excessive astigmatism, where corneo-refractive
laser surgery may fail because of potential complications
such as flap striae, haze, reduced contrast sensitivily or
glare, toric phakic IOL may be an appropriate surgical
option.

In clinical practice, phakic IOL are normally caleu-
lated using the so-called van der Heijde formula (van der
Heijde er al, 1988). In this seminal paper, the authors
described @ calculation strategy for phakic intraocular
Worst—Fechner lenses for correction of myopia using
classical vergence transformation. With a prediction of
the cardinal peint of the PL at 3 mm behind the corneal
vertex, the dioptric power of such a lens implant can be
calculated from the pre-existing myopia, the vertex
distance of the spectacle correction and the corneal
power. In their paper, they displayed some examples
illustrating how the lateral magnification of an aphakic
and a myopic eye may change with the position of the

plane of correction in comparison to an emmetropic eve
(aniseikonia). In the aphakic eye, the magnification
decreases when the correction moves closer to the eye
(ie. from a spectacle correction to a contact lens
correction to a pseudophakic eye). In contrast, in the
myopic eye the magnification inecreases when the
correction comes closer to the eye.

The purpose of the present study was to generalise the
van der Heijde formula for calculation of phakic
intraocular lenses to non-emmetropisating lenses and
to present a vergence-based formalism for calculating
relative magnification changes by moving the position of
correction from the spectacle plane to an 1OL plane.
This formalism is presented for phakic anterior and
posterior chamber lenses, which partially or fully correct
pre-existing ametropia (myopia or hyperopia). The
applicability of this caleulation scheme is demonstrated
in two worked examples.

Methods

Fergence transformation and prediciion of the power of
the PL implant

For our caleulations, the spectacle lens, the cornea, the
phakic IOL and the crystalline lens are considered as
thin refractive elements. The simplified schematic draw-
ing of the optical system of the myopic spectacle-
corrected eye and the eye with a PL implant (and
spectacle correction) is given in Figure J.

Before implantation of the PL, the optical system of
the eye consists of the spectacle correction Pgpe, the
interspace between the spectacle and the cornea (vertex
distance, d,), the comnea P, the interspace between the
cornea and the crystalline lens (anterior chamber, d,,),

Fetibous plane of Wahout phabic lens
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Flgure 1. Schematic drawing of the simpiified optical system of a
myopic phakic eye with spectacle correction (upper part) or with
& phakic lans correction (lower part). For partial correction with a
phakic lens implant, a spectacle correction is applied for comecting
the residual refraction error of the eye.
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the crystalline lens Py, and the interspace between the
crystalline lens and the retina (vitreous, d,). A bundle of
rays entering the system at the spectacle plane with an
object vergence V. is refracted (spectacle refraction,
vergence Fyp/) and transferred to the corneal plane
(vergence V). After being refracted by the cornea
{vergence V) and passing the anterior chamber of the
eye (vergence Vay,), it is refracted by the crystalline lens
(vergence V).

With n as the refractive index of aqueous humour and
d.p; @5 the object distance, the respective vergences are
describad by

Vope = —=—
obj

I;I’Jpr‘l > ""E]pr + &pr

el
ler" — Vipr +

l"er __-Fl——"i"'"
I L
VIPIIZVZPL’"‘H- ':]}

After implantation of the PL, the optical system of the
cye consisis of the spectacle correction (= target
refraction) Psp,, the interspace between the spectacle
and the cornea (vertex distance, d,), the cornea Pc, the
interspace between the cornea and the PL implant diop.
the phakic IOL Pyo. the interspace between the 10L
and the crystalline lens 4, the crystalline lens P, and the
interspace between the crystalline lens and the retina
(vitreous, d,). A bundle of rays entering the system at
the spectacle plane with an object vergence Vi, is
refracted (spectacle refraction, vergence Vynof) and
transferred to the corneal plane (vergence Vg,). After
being refracted by the cornea (vergence V),.f) and
passing the aqueous humour to the PL (vergence V,g.)
it is refracted by the phakic intraocular lens (vergence
Fioo/). Then, the bundle of rays passes through the
aqueous humour again to the crystalline lens (vergence
Fapo) and is refracted by the crystalline lens (vergence
"anﬂ*

The respective vergences are described by

1

Fipg = — —
w2 o

1

F'Elpr

© 2007 The Authors, Joumnal compilation © 2007 The Collage of Oplomelrists

|

Fot = T
A

Fiov! = How + Piou

l

len =ﬁ
Roul
leu'r — V‘Ilpo +f. fz]

At the (fictitious) position of the phakic intraocular
lens (dioy behind the cornea), the vergence Vg vields

1

Hiour= —gx- )
Fipe "

For a specific object distance doy;, the vergences Viarr
of the untreated eye and Viny of the eye after implan-
tation of the phakic intraccular lens must be equal.
After re-organisation of eguations (1) and (3) and
equation (2), this implies that

I i |
PorLr= : - : ﬂﬂl_+J"'|‘:-L =WoL
e e N

#h_-ri‘, - rbj""’“

(4)

As the power of an intraocular lens implant is
normally calculated for far distance (1/d,y; equals zera),
equation (4) reads

| | l
= —3 + Bor. (3)
or
PioL = = 1 (6)

Object-image magnification and aniseikonia

The total image—chject magnification of the eye before
lreatment is given by

I'Elpr' ler l ;‘Epr

My = 7
oS Tt Vo (7)

and aflter implantation of the phakic I0L, it is
Ifipo ! leu' l"'iEllL t Vzpn [3}

My = ;
b Hip-:r"' V!pa" How! - Vzpo'r

As the vergences of the untreated and the treated eye
must be equal at the spectacle plane and again at the
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(fictitious) position of the PL implant, the relative
magnification M./ M, yields

distant ohjects (Figure 2b). For that purpose, the crys-
talline lens is simplified to a single-surface lens posi-
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In equation (9), if both V..t and V,, are zero, or
both Fyof and V¥, are zero, their quotients should be
treated as unity. Using equation (9) together with
equations (1) to (3) the gain or loss in magnification
due to implantation of a phakic intraccular lens in
comparison with a spectacle-corrected eye can be
derived.

Results

Example 1

For the first example we assume a spherical equivalent
of refraction Pspr of =10 D at a vertex distance d of
14 mm before the surgical intervention. Keratometric
corneal power Pc is 43 D, the cardinal plane of the
phakic posterior chamber lens (intraocular contact lens)
diop is assumed to be located 3.5 mm behind the corneal
vertex and the reltactive index of aqueous humour # is
1.336.

For postoperative emmetropia, the power Pior of the
PL implant is determined using equation (6) to be
Do, =-1086 D (vergence VFior=37.60D and
VoL = 48.46 1),

Calculating the vergences Vo /. Vi, and V¢ with
equation (1) and Voo, Vipo, Fipe!, Vior and Figpt
using equation (2), the relative magnification yields M,/
Mpye= 117, which means that the image size after
implantation of a fully correcting phakic intraocular
lens is 17% larger compared to the myopic eye with the
respective spectacle correction,

IT we assume that the object is approaching the eve
from far distance to 10 cm (ohject vergence of 10 D,
Vope and Wy are both changing from 0 to =10 D), the
magnification ratio M /M . comparing the eye with a
phakic intraocular lens and the spectacle-corrected eye is
a function of the object vergence as displayed in
Figure 2q. The figure shows that the relative magnifica-
ton Mpe/ My, increases to 1.26 if the object is moved
from far distance to near distance (10 em).

To estimate the required change in the geometry of
the crystalline lens for adapting to near distances we
determined the vergence at the principal plane of the
crystalline lens as a function of the object vergence and
compared that value with the respective vergence for far

tioned at the principal plane of the erystalline lens, The
data for the principal plane of the crystalline lens were
extracted from the Gullstrand model eve (5.85 mm
behind the corneal vertex) (Langenbucher er af., 2003).
The vergence of the eye with the phakic intraoccular lens
at the principal plane of the crystalline lens changes
from 40.26 D for far distant objects o 28.06 D for
objects at 10 em (object vergence 10 D) (change of
—-12.20 D), whereas the vergence of the spectacle
corrected eye changes from 40.26 D to 31.10 D (change
of =9.16 D). This implies that in the eye with the phakic
intraccular lens, the crystalline lens has to change its
power by 3.04 D more than in the spectacle-corrected
eye,

Example 2

For the second example we assume a spherical equiv-
alent of refraction Pg,, of =20 D at a vertex distance d,
of 14 mm before the surpical intervention. Keratometric
corneal power Pc is 43 D, the cardinal plane of the
phakic anterior chamber lens (iris claw lens) diop is
assumed to be located 3.0 mm behind the corneal vertex
and the refractive index of aqueous humour n is 1.336.

In a first step, we determine the power Py of the PL
implant for postoperative emmetropia using equation
(6) to Do = —1843 D (vergence Viorr= 29.17 D and
VioL =47.60 D). In a second step. we calculate the
respective lens power for a PL implant, which partially
corrects preoperative myopia, where the residual myo-
pia (-10 D to 0D in steps of 1 D) is corrected by
spectacles. The respective lens powers are given in
Table 1. In a third step, we calculate the vergences ¥y, ,
Vipeand Vit with equation (1) and Voo, Vipe, Vipdl-
VioL #nd Vgt using equation (2) for postoperative
emmetropia and for partially correcting lens implants.
The relative magnification for the fully correcting phakic
IOL for far distant objects yields Mpo/M,. = 1.33,
which means that the image size after implantation of
a fully correcting phakic intraocular lens is 33% larger
compared with the myopic eye with the respective
spectacle correction, The respective values for partially
correcting phakic intraoccular lenses are provided in
Table 1. In a fourth step, if we assume that the ohject is
approaching the eye from far distance to 10 cm (object
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Flgure 2. Myopic eye with a refraction of -10 D, verlex distance of
the spectacle correction 14 mm, comeal power 43 D, phakic lens
position 3.5 mm behind the comeal vertex, object vergence ranges
from 0 to 10 O (chject distances: infinity to 10 cm). (a) Relative
magnification of an eye as a function of object vargence. Relative
magnification refers to the gain In lateral magnification (retinal
image size) due to correcting ametropia with a phakic intraccular
lens implant instead of & speciacle correction. The lens power was
determined for far distant objects and the relative magnification was
calculated as a function of object distance. (b) Vergence at the
spectacie-corracted eye and the eye with a phakic lens correction at
the principal plane of the crystalline lens as a function of object
vergence, The location of the principal plane of the crysialline lens
{5.85 mm behind the corneal vertex) was taken from the Gullstrand
model eye. The graph shows, that the change in vergance of the
spectacle correction {broken line) is much less than the respective
value of the phakic lens correction {solid ling), which implies that the
refractive change of the crystalline lens necessary for focusing on
near cbjects is much higher with a phakic lens implant,

vergenee of 10 D, both V., and ¥y, change from 0 to
=10 D), the magnification ratio M,/ M, comparing the
eye with a phakic intraocular lens to the spectacle
correcled eye is displayed as a function of object
vergence in Figure a for the fully correcting as well as

& 2007 The Authors. Journal compilation @ 2007 The Coliege of Optomatrists

for the partially correcting lens implants. The figure
shows that the relative magnification M,/M,, is
increasing from the far distant object to a near object
at 10 cm distance. In a fifth srep, we estimate the
required change in power of the crystalline lens (simpli-
fication to a single surface lens positioned at the
principal plane) to accommodate for near objects, For
that purpose, we determine the vergence of the spectacle
corrected eye preoperatively as well as the vergence of
the eve with the PL (in case of a full correction) or with a
PL and a spectacle correction (in case of a partial phakic
lens correction) at the principal plane of the crystalline
lens as a function of the object vergence. The changes in
vergences due to a change in object vergence are
displayed in Figure 3& for the Tully correcting PL and
for PL, which partially correct for myopia (residual
refraction =10 D to 0 D in steps of 1 D). The respective
change in vergence for the eye with spectacle correction
only (preaperative state) 18 included as a reference in the
plot.

Diiscussion

In a case of high or excessive ametropia the implantation
of phakic anterior or posterior chamber intraocular lenses
is an appropriate strategy for correcting the refractive
error of the eye. In contrast to clear lens extraction for
correction of excessive myopia, phakic intraocular lenses
are beneficial especially in young patients due to main-
tenance of phakic accommodation. In the range of low or
medium ametropia, other surgical interventions such as
LASIK or LASEK are more popular, because the risk of
endothelial damage because of contact with the PL is not
accepted (Lackner et al., 2003). In the last decade a series
of different phakic intraocular lenses were launched to the
market for correction of myopia, hyperopia (Saxena
et al., 2003) and — especially in the last 5 years — for
correction of astigmatism (toric lenses) (Gilell er af., 2003;
Langenbucher and Seitz, 2003).

The first to describe the calculation of dioptric power
of phakic intraocular lenses were van der Heijde et al.
{1988). They presented a vergence-based strategy 1o
determine the lens power from preoperative spectacle
refraction, vertex distance, corneal power and the
predicted position of the lens implant within the eye.
They transferred the vergence both through the specta-
cle-corrected eye and the ametropic (uncorrected) eve to
the plane of the predicted PL position. The power of the
PL implant was determined as the difference of these
vergences at the predicted position of the PL implant.
For the dilference in magnification between the eye with
spectacle correction and PL correction the authors
demonstrated their results with some figures, but they
did not show the theory behind the determination of
ocular magnification.

lozoza uer) m [ GLro0 LOGEEFESLPE T 11U DLAPEA0E « 210 651 960 PE] = SoumDy ¥ag] I mani[] 1ac] FEoqusiEsaane ] Ay pa)



300 Ophthal. Physiol. Opt. 2007 27: N§y§|.10.14753/SE.2021.2503

Table 1. The parameters of an eye which was preoperativaly myopic and corrected with specilacies al a vertex distance of 14 mm

Dioptric Relative Vergence change at Vergence change at
power of magnification the principal plane of the principal plane
Residual refractlon at spectacie the phakic MMy for far the crystalline lens of the crystalline
plane In D lens in D distant objects (object vergence: 3 D) lens (object vergence: 5 D}
=10 -8 1.14 =284 —-4.75
-8 —B.83 1.16 -3.02 —-4.88
= o 1ar -3.11 -5.02
= =10.74 1.19 —-3.20 -5.18
—& =11.74 1.21 -3.29 =53
=5 =12.77 1.23 -3.39 =5.46
-4 -13.83 1.25 -3.49 -5.63
-3 -14.83 1.27 -3.60 -5.80
-2 -16.08 1.29 =371 -5.87
-1 =-17.22 1.31 -3.83 -6.16
0 = Full correction with phakic lens -18.43 1.33 -3.85 -5.35

Postaperatively it is emmetrapic (fully corrected with a phakic intraocular lens (residua| refraction 0)) or partially corrected with a phakic lens with
a residual spectacle refraction of —10 D to =1 D in steps of 1 D. The dioptric power of the lens located 3 mm behind the comeal vertex is given in
the 2nd column. The relative magnification M, /M, refers to the ratio of lateral magnification comparing the precperative and the postoparative
state. The vergence change al the principal plane of the crystalline lens {from the Guilstrand model eye, 5.85 mm behind the comeal vertex)
(negative values in calumns 4 and 5) has to be compensated by a refractive change of the crystaliine lens (respective positive values) to locus on
near targets at 33 cm (3 D object vergence) or 20 cm (5 D object vergence). The respective values for the precparative state are -2.27 D ar

—-3.68 D.

In general, if an optical system consists of refracting
surfaces subdivided by interspaces with a homogeneous
refractive index, lateral magnification is given by the
product of the vergences in front of the surfaces divided
by the product of the vergences behind the surfaces.
However, if we do not have any information about the
geometry and refraction of the crystalline lens, the
absolute lateral magnification of the eye cannot
be determined (Keating, 1982; Harris, 2001a,b, 2003).
Instead of that, as we have information about the
aptical pathway from the object position, the position
and refractive power of the spectacle correction, the
corneal refraction, as well as the predicted position and
the refraction of the implanted PL, the lateral magni-
fication of that part of the optical pathway can be
separated and estimated for the spectacle-corrected eve
and for the eye with a PL correction. As the optical
pathway through the residual eve is the same for both
corrections, we can calculate the quotient of both
magnifications to determine relative magnification. This
relative magnification refers to the gain or loss in
magnification, if in a spectacle-corrected eve the spec-
tacle correction is substituted by an adequate correction
with a PL implant,

In the present paper, we address an additional
functionality of the presented strategy. If we calculate
the PL power for objects at infinity (objective vergence
equals zero) and consider the relative magnification of
objects at near distance, we are able to determine the
vergences at the principal plane of the crystalline lens as
a function of object distance or vergence. This means
that using the simplification of a thin crystalline lens

(single refracting surface) the change in vergence at that
plane has to be compensated by an adequate refractive
change of the crystalline lens to focus the object sharply
on the retina. If we compare both vergences for a
defined object distance, we can estimate how much the
crystalline lens has to accommodate in the spectacle-
corrected eye and in the eye with a PL correction.

Our worked examples show that in a myopic eyve the
correction with a phakic intraocular lens yields a higher
magnification compared to the spectacle correction. The
magnification gain can easily reach values up to 30% in
high myopia, if such an eye is treated with a PL
implantation. However, spectacle correction or clear lens
extraction may be beneficial in patients where the range
of phakic accommodation is limited. Myopic patients
corrected with a PL require a much higher change in
crystalline lens refraction in contrast 1o spectacle-correc-
ted patients, if they focus on objects at near distance. This
may be of special importance if one eye of an individual is
corrected with spectacles and the Fellow eye is corrected
with a PL implant. In such cases, near point anisometr-
opia may cause severe fusion problems to the patient.
From the literature, fusion of disparate images can be
achieved if the difference in magnification between the
two eyes does not exceed 3% (Crone and Leuridan,
1973a,b; Kramer et al., 1999; Langenbucher er al., 2005;
Wang and Pomeratzeff, 1983),

Many surgeons more or less ignore the effect of luteral
magnification and focus on a full refractive correction of
the eye (Scarpatetti, 1983; Kramer er al., 1999). But an
adequate correction of both eyes of an individual with
spectacles, contact lenses or PL implants is not able to
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Figure 3. Myopic eye with a refraction of —-20 D, vertex distance of
the spectacle correction 14 mm, comeal power 43 D, phakic lens
position 3.0 mm behind the comneal vertex, object vergence ranges
fram O lo 10 D (object distances: infinity to 10 cm), (a) Relative
magnification of an eye as a funclion of object vergence. Pelative
magnification reters la the gain in lateral magnification (retinal imaga
size) due lo corecting ametropia with a phakic intraccular lens
implant instead of a spectacle correction. The set of graphs referto a
full correction {for emmetropia) or panial correclion wilh & residual
mycpla of =1 ta —10 D. The lens powsr was determined for far
distant cbjects and the relative magnification was calculated as a
funclion of object vergence. {b) Change in vergence at the principal
plane of the crystalling lens in the spectacle-corrected eye, and the
aya with fully or partially correcting phakic lens, as a function of
object vergence. The location of the principal plane of the crystalline
lens (5.85 mm behind the comeal verlex) was taken from the
Gullstrand model eye. The graph shows that the change in vergence
of the spectacle correction is much less than the respective value of
the phakic lens correction, which implies that the refractive change of
the crystalling lens necessary for focusing to near objects is much
higher with a phakic lans implant.

compensate for magnification disparities (Krzizok et al.,
1996). Tt is generally accepted that minus lenses for
correction of myopia minify the retinal image, whereas
plus lenses for correction of hyperopia magnify the
retinal image. It is also generally accepted that a
correction of myopia at the corneal plane (using contact

© 2007 The Authors. Joumal compilafion @ 2007 The College of Optomeinists

lenses) or (phakic) intraoccular lenses reduces the min-
ification effect. But if the correction of ametropia in
both eyes 15 not appropriate, discrepancies in retinal
image sizes may be challenging for both the ophthal-
mologist and the patient (Krzizok et al., 1996),

In conclusion, we presented a mathematical strategy
for calculation of phakie anterior or posterior chamber
lenses and a formalism to predict the gain or loss in
lateral magnification, if a spectacle-corrected eye
undergoes phakic intraocular lens implantation. As
the change in magnification for high or cxcessive
ametropia can produce levels of aniseikonia between
5 and 30%, the fusion of the two images, especially
after monocular correction with a PL implant, may be
impossible. Anterior segment surgeons should be aware
of these image size disparities. As after implantation of
phakic TOLs myepic patients require a much higher
change in crystalline lens power compared to the
spectacle-corrected eye if they focus on near objects,
the supposed advantage of preserving accommodation
is somewhat lost in higher myopic patients. An
enhanced (aspherical) optical model including thick
lenses for the spectacle, the cornea, the PL and the
crystalline lens may enhance the precision of the
calculation.
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Compensation of aniseikonia with toric
intraocular lenses and spherocylindrical
spectacles

Achim Langenbucher, Sven Reese, Stefan Huber and Berthold Seitz

Department of Ophthalmology, University of Erlangen-Nimberg, Schwabachanlage 6, D-91054
Erlangen, Germany

Abstract

Background and Purpose: Magnification disparity between the two eyes (aniseikonia) is one of the
major unresolved problems in modem cataract surgery, potentially degrading binocular visual
function or causing diplopia. The purpose of this study is to describe a paraxial computing scheme
using 4 = 4 system malrices to simulate a corrected pseudophakic ‘optical system eye' with a
maridional magnification that matches the magnification of a given contralateral eye.

Methods: Based on the definition of a centred optical system in the paraxial Gaussian space
containing astigmatic surfaces using 4 x 4 refraction and translation matrices, we derived a
methodology for calculating the refractive power and axis of foric intraocular lenses and
spherocylindrical spectacle corrections for (i) fully correcting the optical system eye and (i) realizing
an arbitrary meridional magnification by solving a linear equation system.

Results: The capabhilities of this computing scheme are demonstrated with two examples. In example
1 we calculate a toric lens and a spherocylindrical spectacle correction for compensation of a cormeal
astigmatism to realize a predefined iso-meridional magnification. In example 2 we first determine the
meridional magnification of the contralateral eye, which has been treated with cataract surgery and
toric lens implantation, and then we compute the appropriate combination of a fully correcting toric
lens and spherocylindrical spectacle refraction, which exactly matches the meridional magnification
of the contralateral eye.

Conclusion: We presenied an en bloc matrix based strategy for the calculation of an optical system
aye containing an astigmatic cornea, a toric lens implant and & spherocylindrical spectacle
correction, where the toric lens and the spherocylindrical spectacle correction are determined to fully
correct the system and {o realize an arbitrary meridional magnification i.e. to eliminate aniseikonia.

Keywords: astigmatism, lateral magnification, matrix formalism, paraxial optics

Introduction

Aniseikonia is a binocular condition in which left and
right images differ in perceived size or shape. There are
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two types of aniseikonia: static and dynamic aniseiko-
nia. The first type is the classical aniseikonia, denoting a
perceived image size difference with a fixed gaze
direction. The second type of aniseikonia is also called
induced anisophoria and denotes a perceived image size
difference because of unequal prism effects when look-
ing through different parts of the two (anisometropic)
spectacle lenses.

The incidence of aniseikonia is often underestimated,
Beside the large patient group at risk with anisometr-
opia with a prevalence of up to 10% (anisometropia >
| diopter, age above 20 years), a second group of
patients al risk for aniseikonia are the patients who have
had cataract or refractive surgery, For example, Kramer
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ef al. (1999) found that 40% of all pseudophakes had
ophthalmic complaints referable to aniseikonia. Because
these numbers are significant, testing for and managing
aniseikonia is important.

The sensitivity to aniseikonia can vary a lot from
person to person. Some patients are very grateful if
1% of aniseikonia is corrected, while others might not
be bothered by as much as 3% of aniseikonia,
Eguivalent to a sphere and cylinder refractive error,
there is an overall and a meridional aniseikonia. For
some patients, correcting the overall aniseikonia is
sufficient to eliminate potential determinants for
headache and asthenopia. Meridional aniseikonia, on
the contrary, gives rise to distorted space perception.
The classical way to reduce or eliminate aniseikonia is
to provide an iscikonic prescription. One cannot
change the effective power at the comea, because this
would reduce the patient's visual acuity, However, one
can change the accompanying spectacle mapgnifications
of the corrective lenses by manipulating the base
curve, centre thickness, index of refraction, and back
vertex distance. For patients who have had cataract
surgery with implantation of a spherical or toric lens
in one eye in the past, and who develop ophthalmic
complaints because of aniseikonia, it would be a
logical consequence to correct aniseikonia with a
combination of a (toric) lens implant compensated
with a spectacle correction in the event that the
contralateral eye is indicated for cataract surgery.

In the last decade, toric intraccular lenses have become
more popular in clinical practice lor the correction of
corneal astigmatism during cataraet surgery to improve
the postoperative visual performance of the patient
(Frohn er al,, 1999; Nguyen and Miller, 2000; Novis,
2000; Ruhswurm et af, 2000; Sun ér af., 2000: Gerten
et af., 2001; Leyland er af., 2001: Amm and Halberstadt,
2002; Gills and van der Karr, 2002; Tehrani and Dick,
2002; Till er al., 2002; Gills. 2003). In the past, toric
intraocular lenses have been determined using standard
formulae initially designed for spherical lenses (SRE/T,
Hoffer, Holladay, Haigis, SRK-2). Although these stand-
ard formulae are optimized for the prediction of spherical
intraocular lenses, they yield correct results in the simple
case, when the axes of all toric sutfaces in the eve. as well
as in the spectacle correction are aligned. In this case, we
can predict the toric lens implant by separately calcula-
ting a spherical lens in both cardinal meridians. This will
not, in general, be the case. Additionally, in classical
second generation [OL calculation formulae the predic-
ted lens position after cataract surgery is based on the
keratometric reading (Retzlafl, 1980; Holladay er af.,
1988: Retzlall et al, 1990; Hoffer, 1993) and results in
different predicted lens positions for each meridian.

The first I0OL formula to fully treat the astigmatic eye
using matrices has been provided by MacKenzie and

Harris (2002). In this paper, a step-along procedure is
presented in a demonstration of the derivation of the
traditional Gaussian theoretical formulae for the deter-
mination of intraocular lens power in a stigmatic eye. A
raytracing scheme using paraxial approximations was
first described by Bennett (1986a.b) to determine retinal
image size by tracing an axial pencil of rays through the
‘optical system eye’ consisting of astigmatic surfaces
with axes at random. It incorporates a method of
summing up any number of astigmatic prescriptions at
any axis by adding the respective components (Bennett,
1986a,b; Langenbucher ef af,, 2003; Langenbucher and
Seitz, 2003). This methodology using vergence transfor-
mation in the Gaussian space has been modified and
rearranged for the calculation of toric lenses and the
prediction of the residual refraction after implantation
of toric lenses (Langenbucher and Seitz, 2003, 2004a,b).

A matrix-based description of spherical optical sys-
tems in ophthalmological applications was first des-
cribed by Rosenblum and Christensen (1974) and later
used by many other investigators. This formalism breaks
down any spherical optical system into a product of
2x 2 refraction and translation matrices and the
resulting system matrix relates the slope and height of
an incident ray to the respective slope and height of the
exiting ray, Keating (1980, 1981a,b) was the first to
introduce a generalization of these 2 x 2 matrices to
astigmatic systems described by 4 % 4 system matrices.
In accordance with the spherical case described with
2x 2 matrices, the generalized formulation for an
astigmatic optical system breaks down into 4 x4
refraction and translation matrices. The system matrix
relates the incident ray with slopes in x- and y-direction
and intersection coordinates x and y at the first
refractive surface to the respective slopes in x- and
y-direction and the coordinates x and y of the exiting ray
at the last refractive surface of the optical system.

As the entire optical system from the spectacle to the
reting is represented with a 4 x 4 system matrix,a 2 x 2
submatrix of this 4 x 4 system matrix represents the
lateral magnification of the spectacle corrected eye.
Thus, the matrix formulation seems to be an adequate
tool to calculate meridional magnification disparities
and to match the magnification of the eve by combina-
tion of a toric intraocular lens implant and an adequate
spherocylindrical spectacle correction,

The purpose of this paper was (i) to describe g
matrix-based methodology to determine the meridional
magnification of a spectacle corrected eve, (ii) to
present a novel calculation stratepy to realize an
arbitrary meridional mugnification by correcting an
astigmatic eye with a toric intraocular lens implant
and a spherocylindrical spectacle refraction, and (iii) to
demonstrate the clinical applicability of the formalism
by providing two examples.

@ 2005 The College of Oplomatrisis
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Methods

Refraction and translation matrices and the svstem matrix

In any astigmatic optical system, the refraction matrix
for a single refracting interface R and the translation
matrix for a homogenous gap T can be wrilten as

| 0 4 D 1 000
_|o1 b B o1 00
R=loo 1 8| ™=t w 310 M

00 0 1 0420 1

Elements 4, £ and D of the refraction matrix are
given (Long, 1976) with

Ad=-[§+C- Sin:[rp}'_l
B=—[5+C-cos’(g)] (2)
D= C-sin(gp) - cos(e).

Parameters S, C and ¢ in matrix R refer to the spherical
power, cylindrical power (positive cylinder form) each in
diopters and the orientation of the cylinder and para-
meters dand n in matrix T refer to the interspace between
surfaces in meters and the refractive index of the medium.

The system matrix of an optical system consisting of
m spherocylindrical surfaces with interspaces in between
can be written as

8 =R« Tt » Bt = Tmpigton wves Ri TRy, (3}

and any incident ray from the left (surface 1) with slope
angles %o, and g, in x and y direction and intersection
coordinates xp and yo with surface 1 will exit the system
at surface m to the right with slope angles «, and 2, at
coordinates x and y (Figure [) s0 that

oy iy
Ay =5. Oy ) |:4}
x Xn
¥ »n

incident ruy

e

optical system

surface |

The reverse calculation of the elements &, C and o
from the submatrix

K= [f} g] (5)
can easily be performed by deriving the trace tr(K)
{Keating, 1980) and the determinant det(K) with
tr(K)=A+ 8

det(K)=4-8-0D°

C = y/tr(k)* ~ 4- lder(K)]
g (II’; C)

m=mn-'(?;_‘).

Matrix definition of the psewdophalkic ‘optical system eye’
and meridional magnification

(6)

The optical system of a pseudophakic eye containing
spherocylindrical surfaces is characterized in the simp-
lest form with a spherocylindrical spectacle correction, a
single surface cornea, and a thin toric lens implant.
Thus, the matrix representation of the total system
starting from the spectacle plane and ending at the
retina is represented with a system matrix § with

§=TvRoL Taco  Re - Ts - Rs, (7

where Ty refers to the (pseudophakic) vitreous space,
Rygp refers to the refraction matrix of the toric 10L
implant, Tacp refers to the (pseudophakic) anterior
chamber of the eye (the humour bounded posteriorly by
the intrapcular lens and anteriorly by the cornea), Re-to
the corneal surface, T to the vertex distance from the
cornea to the spectacle plane and Rs to the intended
target reflraction at the spectacle plane after cataract

‘- exiting ray

,.—4’

‘optical axis’

surface m

Figure 1, Optical system with an incident ray coming from left and exlting the system to right. The Incident ray enters the system (surface 1) at
co-ordinates x, and yy with slope angles x5 and a0, The exiting ray leaves the system (surface m) at co-ordinates x and y with slope angles =,

and o,

& 2005 The Collzge of Oplomatrisis
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surgery. The matrices Ty, T acp, Re and Ts are known,
whereas Rig. and Rs are known in their principal
structure. Retinal magnification for an object located at
infinity is defined by the quotient of the retinal image
size (x and y) and the slope angles (o, and x,) of the
incident ray [rom the left, This relation is characterized
by the lower left 2 x 2 submatrix (magnification matrix
M) of the entire system matrix S with (see (8) below)

Sy 8-+ Sy (,.%'AIDL + i) +Su®-Dior S ;+31.1(

magnification has to match the user-defined values and
(i1) the entire system including the toric lens implant and
spectacle correction should be fully corrected 1o
generate a sharp image at the retinal plane.

(i) The lower left 2 x 2 submatrix of § (Equation 10)
representing the lateral magnification M of the entire
optical system reads

v Ao + |J + 8o Diow

M M
M = (11)
S &4 S (§~A1n|.+1) +8a Do Snft4Sn . Doy +Su(l - BioL+ 1)] "% M
or in explicit form
v dy d
A Mx=3ui+53|{dl'A|DL+l]+S4:—"'-Dm|,
Ay Ay y ny
= : d d
X M, M, M—=5|J—v+333dv-dmj_+|]+343'—~v-ﬂlm.
y M, M, (8) 5 ” E (12)
M, M. M. = 5=|l+51|{— +AoL+ 1) + S — DioL
M= Ry
|:a+rfh- J"r'f_., ﬂr'h'

Defining a subsystem 5, from the intraoccular lens
implant plane to the spectacle plane

St Siz S Su
§ Sn Sn Sy (9)
831 S Sy Sy
S Say S5 Sy

the total system matrix § reads

Si=Tacp -Rc-Tzs =

1 0 00 1 0 o0 Do

§= i— B 0 1 Do Biov
>0 10 Joo 1 o
0 20 1] oo o 1
S S S Ju 1 0 4dg Dg
83 S Sy Sy 0D | Ds B
Su Su Su Su| (00 1 o0
Sy Sa2 Sz Sy 00 0 1
10 Ao Do
0 1 Do Biov

- %‘f 0 ",5;44101_+1 ‘:%-Dml.

0 & L£Do R-Bor+l

S Sz S S I 0 As Ds
1 Sn S S 0 1 Dy B
S Su S Su| |00 1 o0
S5 Sp S Sy 0o 0 1

The entire system matrix has to fulfil two different
conditions: (i) the submatrix characterizing the lateral

(10)

d d
M, = _5'_2_...5‘12— Dior + Sax(— Bior. + 1.
ny y

These lfour equations can be re-arranged to a standard
matrix problem with a 4 x 3 matrix on the left, the 3 x |
vector of unknown parameters (A;ny, Biop and Digp)
and the 4 x | result vector on the right side of the
equation system:

S & 0 & o

351% 0 5;1:—: ;Im
. dy 10L
g S‘”E_ S“;vl Diov.
0 Sal- S
M. —Sy%—g,
| M- 5|2::—531 (13)
ﬂ‘f}"szi;f—su

M, — S35 - S

or
Sy 0 Sy

Ao d oy
Spt 0 Sa%
( BioL ) = PINV D'"’ g

g g odv
Snr Sui

Dior 1 i
0 Seif St

M, — Sy % — 8y
%—5!2%—551 (14)
M. - Szt%—sdl
M,-—Sn%-ﬂn?
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where PINV is the pseudo-inverse of a rectangular
matrix (see Appendix).

The specific set of magnification parameters M., M,
and A, can be directly derived with

My = Muin + (Minox — Muin) - Ein:{f'ﬂm;j
M, = Muia 4+ (Mumax = Miin) * 8I0° (00 ) (15)
Mo = (Mpux — Main ) - $i0{@pq,) - €08( 0 max)

where M, refers to the major magnification meridian,
M in refers to the minor magnification meridian and
Pmax 10 the orientation of the major magnification
meridian.

(ii) In a second step, the respective spectacle correc-
tion for viewing distant objects will be determined so
that the entire optical system from the spectacle correc-
tien te the retina is corrected, For a fully corrected
optical system, incident rays with a slope angle equal
zero have to intersect the retina at coordinates x =0
and y = 0 irrespective of their intersection with the first
refractive surface (spectacle correction), This means,
that a bundle of rays incident to the system parallel to
the optical axis is imaged to x =y =10 at the focal
plane. In matrix notation this means

e = 0
5' ﬂh_1:=ﬂ

HE X
W

(16)

0
0

This condition can only be realized if each element of
the lower right 2 % 2 submatrix (third to fourth row and
third to fourth column) of the entire 4 x 4 system matrix
equal zero or

i el
%{SW‘TS +80s +83) + {H—:A]m + 1)( 83y As + 8305

d
+ 5s) +"—EHDL[S¢|A5 +8aDs+85)=0

el d
n'—-:{Snﬂs + &85 +54) + fﬁfhm"‘ 1)(53 D5 + 5285

d

+ 5 +ﬁ Diop (52105 + SiBs +8Su) =0
i d
ﬁ (Faid s + §02Dg + 503 + ﬁDmL{S:As + 8105+ 833)

i

4+ {:: Bior + 1)(Sa1ds + Sa2Ds + 8) =0
dy dy
= (S1ls + SaBs + 5u) + = Doy (S Ds + 53285 + 534)

+{%31GL+1][54|£’5 + 84285 + Su) = 0. (17)

After rearrangement of this equation system, we get

= 2005 The College of Optomalrisls

~H S {:‘:AIDL‘F 1)833 — £ Dior Ses
A dy dy d
K- Bs _ | —w8u= o+ )83 — FE Dior Sus
pi —%513—f D]DLS&E—%BiﬂL#- 1}8s |’
~ 82y~ Doy Sy — (& Biop + 1)Su

(18)
with elements of the 4 = 4 matrix K defined by
dy dy dy
Kjy=—sg+{—4 I _—
= {nv oL + 183 - Dhovsn
g .
Ky = ﬂflz + (—Aor + s+ & Dhopsaz
my ny ny
dhy
K3 =—umy +ﬁﬂmr_su ~'r'{ﬁ BioL + )54
y ny y
iy dy
Ky = E-i‘zz + EDIGLSH +i%51m + 1)542
y dy dy
K =£51:+ (—4ior + )52 + — Diopsg (19)
Iy ny ny

' el dy
K = & B (ot + 1 o = Do)
hy Hy iy

dy dy dy
Ky = wnt ED[DL-TB-I +{E BioL + 1)542

dhy
Ky = ﬂi}.: + ﬁﬂtmssl +H—8BioL + )54y
my my iy

1=Ky =Kn=Ku=0

=

The required parameters 4ds, 85 and Dg lor the
spectacle refraction can be derived analogous to
Equations 13 and 14 calculating the pseudo-inverse of
K. In a last step, the elements 4¢, Bs and Dg have to be
re-converted from component notation into standard
notation (sphere, cylinder and orientation) using Equa-
tions 6.

Results

For both examples we assume a vertex distance of
I4 mm, an axial length of 23.6 mm, and a measured
phakic anterior chamber depth of 3.5 mm. From the
biometric data and the ACD constant of the lens (MS
6116TU, Dr Schmidt Intraocularlinsen, St Augustin,
Germany, ACD = 4.7) we estimate a postoperative lens
position of 4.79 mm [optical anterior chamber depth’
according to the Haigis formula {(Haigis, 1995, 2001)] for
& thin toric lens implant. The refractive index of air
equals 1, that of the agueous humour and the vitreous
are set to m, = m, = 1.336. Corneal radius of curvature
is assumed to be 7.8 mm at 22° and 7.2 mm at 112°
With an effective kerutometer index of the Zeiss
ophthalmometer (n,=1.3315) comneal refraction reads
42.50/3.54 » 22,
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Example |

In this simple case we want to calculate a pseudophakic
optical system with the existing cornea combined with a
toric lens implant and a respective spectacle correction
to get an iso-meridional magnification of 0.16 to match
the magnification of the contralateral eye. The matrices
read

1 0 0 0
r_| 0 L o B
STloos 0 1 0]
0 0014 0 1
1 0 —429970 1.2301
R |01 12301 455447
= 1o 0 1 0 ’
0 0 0 1
1 0 00
o 0 I 00
ACD 1 0.0035853 0 1 o
0 0.0035853 0 |
o1 0
0 |

= 0.0140793 0

0 0.0140793

[=== BE il = |
—

After multiplication, 5 vields

[0.3980 0.0172 —42.9970 12301
00172 0.3624  1.2301  —45.5447
0.0154 00001 0.8458  0.0044
[0.0001 0.0153 00044 08367

g =

and with Equation 14, the required elements 4o, Bior.
and IDhgp are determined as Ay, = —23.1586,
By = -20.4272 and Dyg; = =1.3188, Reconverted 1o
standard notation, we get a dioptric power of the toric lens
implant of 19.8944/3.7971 x 112. Inserting the parame-
ters Aja. Biop. and Do as well as the elements of matrix
§4 into Equation 19 and solving for the spectacle
refraction parameters yields Ag = 2.2127, B; = 2.8282
and Dg = —0.2972. Reconverted to the standard nota-
tion, spectacle refraction reads —2.0926/-0.8557 x 22. At
a last step, we check for validity of the entire system
matrix by multiplying all refraction and translation
matrices together according to Equation 7 and we get

0.0407 —0.0044 -62.5000  0.0000
—0.0044 0.00498  0.0000 —62.5000
0.0160  0.0000 0.0000 0.0000
0.0000  0.0160 0.0000 0.0000

s

The lower left 2 x 2 submatrix characterizing the
lateral magnification of the system indicates an isometric
magnification of M, = M, = 0.016 and the lower right
2 % 2 submatrix proves that the entire system is correctly
compensated for in terms of refraction and image
magnification (elements in the third and fourth row
and column equal zero),

Example 2

In this example we intend to calculate a toric lens
implant with a lateral magnification that matches the
magnification of the pseudophakic contralateral eve.
The contralateral eve with corneal radii of curvature
7.6 mm at 155° and 7.3 mm at 65° a pseudophakic
anterior chamber depth of 4.9 mm and an axial length
of 23.8 mm has been treated by cataract extraction with
toric lens implant. For a spherieal target refraction of
=1.0 diopters, a toric lens power 17.6158/2.5384 x 65 is
tequired and a toric lens with 17.5/2.5 x 60 has been
implanted revealing a residual refraction of —0.7428/
=0.3192 % 15. From the entire system matrix

0.0862 0.0077 —60.1287  0.2669
0.0077 0.0904 02659 —60.1275
00166 00001 0.0000 0.0000
0.0001 00166  0.0000 0.0000

- -

we derive the magnification parameters of the contra-
lateral eye of M. = 0.0166313, M. = 0.0000735 and
M, = 0.0166316.

Matrices Ts, R Taco Ty and S, are identical to the
respective matrices in example 1. The required elements
AioL, BioL, and Dygy can be derived using Equation 4.
With Ay, = =20.2534, Bin, = —-17.4964 and D =
~0.9894, reconverted to standard notation we get a
dioptric power of the toric lens implant of (17.1781/
3.3937) = 108. Inserting the parameters 4;o01. Bior, and
Diyor as well as the elements of matrix S, into
Equation 19 and solving for the spectacle refraction
parameters yields Ag = 0.0496, Bg= 0.6460 and
Dg = 1.5330. Reconverted to the standard notation,
spectacle refraction reads (0.2629/-1.2215) % 30. At a
last step. we check lor validity of the entire system
matrix by multiplying all refraction and translation
matrices together according to Equation 7 and we get

0.08535 0.0008  —60.1288  0.2679

0.0009 0.0%946 0.2657 —60.1277
0.0166313 0.0000735  0.0000 0.0000
0.0000735 0.0166316  0.0000 0.0000

The lower left 2x 2 submatrix charactenzing the
lateral magnification of the system indicates a magnifi-
cation of M, = 0.0166313, M, = 0.0166316 and M- =

& 2005 The ColSege of Dplomatrists
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